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Abstract. We say that an algebra A over a commutative noetherian ring R is Calabi-Yau of 
dimension d (d-CY) if the shift functor [d] gives a Serre functor on the bounded derived category 
of the finite length A- modules. We show that when R is d-dimensional local Gorenstein the 
d-CY algebras are exactly the symmetric d?-orders of global dimension d. We give a complete 
description of all tilting modules of projective dimension at most one for 2-CY algebras, and 
show that they are in bijection with elements of affine Weyl groups, preserving various natural 
partial orders. We show that there is a close connection between tilting theory for 3-CY algebras 
and the Fomin-Zelevinsky mutation of quivers (or matrices). We prove a conjecture of Van den 
Bergh on derived equivalence of non-commutative crepant resolutions. 
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0. Introduction 

Let A be an algebra over a commutative noetherian ring R, which is finitely generated 
as an i?-module. Sometimes we assume that R in addition satisfies one or more of the 
following conditions: local, complete, Gorenstein, normal. This paper deals mainly with 
algebras A which are Calabi-Yau of dimension d, called d-CY algebras for short. This 
means that the shift functor [d\ gives a Serre functor on the bounded derived category 
of the finite length A-modules. The main aspects of d-CY algebras which we investigate 
are the following. We deduce interesting properties of d-CY algebras of a ring theoretic 
and module theoretic nature. In particular, we show that when R is d-dimensional local 
Gorenstein, the d-CY algebras are exactly the symmetric i?-orders of global dimension d. 

A central part of our investigations deals with tilting modules, mainly those of projec¬ 
tive dimension at most one. We give a complete description of all such tilting modules for 
2-CY algebras, and show that they are in bijection with elements of affine Weyl groups, 
preserving various natural partial orders. We also investigate tilting theory for 3-CY alge¬ 
bras, where we show that there is a close connection with the Fomin-Zelevinsky mutation of 
quivers (or matrices), which they introduced in connection with their definition of cluster 
algebras. Tilting theory for 3-CY algebras also turns out to have a close connection with 
the theory of non-commutative crepant resolutions of Van den Bergh, and we prove some 
of our results in this more general setting (actually for a generalization of the dehnition 
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of Van den Bergh). In particular, we prove a conjecture of Van den Bergh on derived 
equivalence of non-commutative crepant resolutions in 8.8. 

Main examples of d-CY algebras are skew group algebras S * G, where S is the formal 
power series ring in d variables over a field K of characteristic zero and G is a hnite subgroup 
of SLrf(i^). For the 2-dimensional case, these algebras have been a major object in several 
branches of mathematics. The invariant ring has only hnitely many indecomposable 
(maximal) CM (=Cohen-Macaulay) modules, and S * G is the endomorphism ring of 
an additive generator S of the category CMS^ of (maximal) CM 5'*^-modules satisfying 
ghdimS* * G = 2 [He][A3]. Consequently, the Auslander-Reiten quiver of coincides 
with the quiver of S' * G, and also with the McKay quiver of G, and they are the double 
of an extended Dynkin diagram [A3]. This is closely related to the minimal resolution X 
of the quotient singularity S^. A one-one correspondence between indecomposable non- 
free CM S"^-modules and irreducible exceptional curves of X was constructed in [AV]. 
More strongly, by the McKay correspondence [Me] explained geometrically by Gonzalez- 
Sprinberg and Verdier [GV], the McKay graph of G coincides with the dual graph of 
irreducible exceptional curves of X. Later, Kapranov and Vasserot [KV] reformulated 
McKay correspondence in terms of derived equivalences between S *G and X. The tilting 
modules we construct for 2-CY algebras, and hence for the algebras S' * G in dimension 2, 
give autoequivalences of T>'^(mod(S' * G)), and correspond to twist functors on 'D’’(CohX) 
constructed by Seidel-Thomas [ST] under McKay correspondence. It is natural to ask 
about the geometric meaning of the tilting modules for arbitrary d-CY algebras (including 
S * G) which we construct in section 4. Also the category CM for the case d > 2 is 
studied in [13,4] [lY]. 

Although our study of Calabi-Yau algebras in this paper is done from a purely algebraic 
viewpoint, it is closely related to the study of the usual ‘geometric’ Calabi-Yau varieties. 
By using the method of Fourier-Mukai transformations, Bridgeland [Bril] proved a conjec¬ 
ture of Bondal and Orlov [BO], which states that any birational 3-dimensional Calabi-Yau 
varieties are derived equivalent. It was motivated by Bridgeland’s proof and also by the 
3-dimensional McKay correspondence due to Bridgeland-King-Reid [BKR] that Van den 
Bergh [Val,2] introduced the concept of non-commutative crepant resolutions (NCCR for 
short), and gave a new proof of Bridgeland’s theorem. A typical example of NCCR is 
given again by skew group rings. It was in this connection that Van den Bergh proposed 
an analogue of a conjecture of Bondal and Orlov, i.e. all crepant resolutions (including 
NCCR) of a normal Gorenstein domain are derived equivalent, and proved this conjec¬ 
ture for 3-dimensional terminal singularities. In section 8, we prove the non-commutative 
part of this conjecture for the 3-dimensional case in a more general form, i.e. all NCCR 
of a module-hnite algebra over a 3-dimensional normal Gorenstein domain are derived 
equivalent. Our method using tilting modules is surprisingly simple. There are here also 
interesting relationships with the maximal 1-orthogonal modules of [13,4] and the maximal 
rigid modules of [GLS]. 

In the philosophy of non-commutative algebraic geometry, we regard algebras with hnite 
global dimension as an algebraic/non-commutative analogue of smooth varieties. Although 
there is a classical Cohen’s structure theorem for regular algebras in the commutative 
situation, hniteness of global dimension seems not to be sufficient in the non-commutative 
situation. Known successful theory of algebras with low global dimension is obtained by 
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Reiten and Van den Bergh [RV1,2], Artin and Schelter [AS], and Rump [Ruml,2] by giving 
additional assumptions, e.g. order, Auslander condition, and so on. We hope that our CY 
algebras will provide a source of non-commutative regular algebras. 

The theory of tilting modules originated in the representation theory of hnite dimen¬ 
sional algebras, where a substantial theory has been developed around this concept. There 
have also been generalizations to other classes of algebras, but not many concrete exam¬ 
ples of tilting modules beyond the hnite dimensional case. When T' is an almost complete 
tilting A-module, then there are up to isomorphism at most two complements [RSj. For 
a hnite dimensional algebra it is never the case that there are always two complements. 
However, this holds for d-CY algebras for d = 2,3, and constitutes an important part of 
our investigations. In particular, it is an essential property for trying to model the Fomin- 
Zelevinsky mutation of quivers of 3-CY algebras using tilting A-modules. A similar type 
of program was carried out for acyclic cluster algebras, leading to the notions of cluster 
categories and cluster tilted algebras [BMRRT][BMRl] (see [CCS] for the An case), along 
with related work in [GLS]. Actually, possible connections with cluster algebras was one 
of the motivations for investigating tilting theory for 3-CY algebras. Another interesting 
property of tilting theory for 3-CY algebras is that an equivalence of derived categories 
induced by a sequence of equivalences determined by tilting modules is actually induced 
by a tilting module. This is usually not the case for hnite dimensional algebras. 

The tilting theory for 2-CY algebras is also quite interesting from a very diherent point 
of view. We give a description of the tilting modules (of projective dimension at most 1), 
which all turn out to be ideals. The 2-CY algebras have valued quivers which are given 
by generalized extended Dynkin diagrams. We establish a bijection between the tilting 
modules and the elements of the associated affine Weyl groups. There is in general a 
partial order on the tilting modules [RS], and in addition there is in this case the reverse 
inclusion order of ideals. Under our bijection they correspond to the right order and the 
Bruhat order on the affine Weyl group. 

We now describe the content of each section. We start with some background material 
and motivation in section 1, with particular emphasis on the importance of 2-dimensional 
and 3-dimensional Calabi-Yau properties for modelling quiver mutation and other essential 
ingredients in the dehnition of cluster algebras. In section 2 we collect basic results on 
some central concepts from commutative algebra, like dimension and depth, along with 
properties of reflexive and derived equivalences. We characterize the d-CY algebras as 
symmetric orders of global dimension d in section 3, and investigate a related class which 
we call d-CY~ algebras, which coincides with the class of symmetric orders. In section 4 we 
start with the tilting A-module A = 0[Li Pi, where the Pi are non-isomorphic indecom¬ 
posable projective A-modules. We describe the indecomposable objects in the bounded 
derived category which can replace Pi to give a tilting complex, and in particular a tilting 
module. Our emphasis is on CY algebras. In section 5 we give some basic properties of 
tilting theory for module-hnite algebras, most of which are analogs of properties of hnite 
dimensional algebras, and give stronger results for complements of almost complete tilting 
modules over CY algebras. In section 6 we investigate the structure of tilting modules 
for 2-CY algebras and their connection with affine Weyl groups. In section 7 we special¬ 
ize to 3-CY algebras, and investigate the connection between Fomin-Zelevinsky mutation 
and tilting theory. The connection between tilting modules, rehexive modules and the 
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non-commutative crepant resolutions of Van den Bergh is discussed in section 8. 

Parts of the results in this paper have been presented at conferences in Beijing, Banff, 
Tokushima, Hanamako, Trieste, Hannover and Oberwolfach. There is related work on var¬ 
ious aspects on CY algebras by for example Berger-Taillefer [BT], Bocklandt [Boc], Braun 
[Bra], Brown-Gordon-Stroppel [BGS], Ghuang-Rouquier [GRo], Ginzburg [G], Rickard, 
Van den Bergh [Va3]. 

Notation For a noetherian ring A, we denote by Ja the Jacobson radical of A. By 
a module we mean a left module. We denote by Mod A the category of A-modules, by 
mod A the category of hnitely generated A-modules, and by fl A the category of A-modules 
of hnite length. These categories are abelian. Moreover, we denote by Pr A the category of 
projective A-modules, and by pr A the category of hnitely generated projective A-modules. 
For an additive category C, we denote by the Jacobson radical of C- 

For a commutative noetherian ring R we denote by Spec/? the set of prime ideals of 
R, and by MaxR the set of maximal ideals of R. For p G SpecR, we denote by Rp the 
localization of R at p, and by Rp the completion of R at p. For X G Modi?, we put 
Xp := X ®rRp and Xp := X ®RRp. We denote by Supp rX the support of X. When R is 
a local ring the maximal ideal p, we often write X := Xp. We denote by (—)* the functor 
HomA;(—,i?) : modi? —modi?. 
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1. Cluster algebras and Calabi-Yau conditions 

In this section we recall some basic facts on cluster algebras, and discuss the relevance 
of Galabi-Yan type conditions for being able to model some of the concepts from the 
dehnition of a cluster algebra in a categorical/module theoretical way. 

We recall the basic dehnitions from [FZl] in a generality snitable for our purpose. We 
give the dehnitions in terms of qnivers rather than matrices. Let Q be a hnite qniver with 
no loops. If Q has oriented cycles of length two, we can associate with Q a qniver Q 
obtained by removing all pairs <—i . Let F = Q(a;i, • • •, Xn) where Q denotes the rational 
nnmbers and Xi, - ■ ■ ,Xn are indeterminates, and let Q be a hnite qniver with n vertices 
and no oriented cycles of length at most two. The pair (x, Q) where x = {xi, • • • ,Xn} is 
called a seed. Let Aj denote the nnmber of arrows from i to j in Q, interpreted as minus 
the number of arrows from j to i in Q if 6^ < 0. For each k = 1, ■ ■ ■ ,n, the mutated quiver 
Q' = k'k{Q) is dehned as follows, where now 6L denotes the nnmber of arrows from i to j 
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in Q’: 

Kk = -hk and b'f.j = -bkj. 

If bik, bkj > 0 (resp. kk, bkj < 0), then = bij + bikbkj (resp. = hj - bAj). 

b'ij = bij otherwise. 

There is also dehned a mutation fj,k{x, Q) = {x', Q') of seeds, where 

- S 'T*.. ... ... 'T* \ Q n ^ 'T* 7 - 1 T \ 1 I" ry» ^ik 

X •)^nf <inQ ' iibn^KO 

Starting with a seed {x, Q) and applying sequences of mutations in all directions, we 
obtain a collection of seeds. The dusters are by dehnition the n element subsets x, x', ■ ■ •, 
and the duster variables are the union of the elements in the clusters. The associated 
cluster algebra is the subring of F generated by the cluster variables. 

Mutation of quivers is dehned without reference to any clusters or cluster variables. 
It is an interesting problem to identify classes of quivers where we can ‘lift’ mutation of 
quivers to ‘mutation’ of algebras associated with the quivers. Secondly, we would want 
a more global model, by hnding some category C with a special type of objects being 
the anolog of clusters, and where the indecomposable summands are the anolog of cluster 
variables. The relevant objects T in C should have a direct sum decomposition T = 0jLi Ti 
into n non-isomorphic indecomposable summands, where n is the number of vertices in 
the quiver. For each /c = 1, • • •, n there should be a unique indecomposable object Tk 9 ^ Tk 
such that T' = T/Tk © Tk is an object of the relevant type. Also there should be some 
nice way of connecting Tk and Tk, and the endomorphism algebras Endc(T) and Endc(T') 
should be related via ‘mutation’ of algebras. 

Inspired by the connection with quiver representations given in [MRZ], such a program 
was carried out for acyclic cluster algebras in [BMRRT], [BMR1,2]. A cluster algebra 
is said to be acyclic if the quiver in some seed has no oriented cycles. Here the global 
approach was done first, and the crucial category was the cluster category Cq associated 
with a hnite quiver Q without oriented cycles, via the path algebra KQ for a held K. 
The central objects T in Cq, called (cluster-)tilting objects, are induced by tilting modules 
over hnite dimensional hereditary algebras in the derived equivalence class of KQ. The 
associated endomorphism algebras EndcQ(T) are called cluster-tilted algebras [BMRl], and 
it was shown later that the passage from EndcQ(T) to EndcQ(T') provides a lifting of the 
corresponding quiver mutation [BMR2]. In addition to providing interesting connections 
with cluster algebras, including a framework for obtaining results on cluster algebras, the 
class of cluster-tilted algebras is also interesting in itself. 

The cluster category Cq associated to H = KQ is hy dehnition the factor category 
Cq = Td{H)/T~^\i], where Vd^H) denotes the bounded derived category of the category 
of hnitely generated if-modules, r the AR- translation on Td{H) and [1] the shift functor. 
The category Cq is known to be triangulated [K3] and it has Serre functor [2], since = [1] 
is an AR translation on Cq. Hence it is Calabi-Yau of dimension 2, that is, there is for 
M and Y in Cq a functorial isomorphism D{}lom{M, N)) ~ Hom(Y, M[2]), where D is 
the ordinary duality. That the (cluster-)tilting theory in Cq works very nicely, including 
unique exchange of an indecomposable summand of a tilting object in Cq to get another 
one giving rise to a new tilting object, is intimately related to the 2-CY property. Actually 
it is a consequence of the 2-CY property [lY] (see also [15]). 
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In order to prove lifting of the quiver mutation to the class of cluster-tilted algebras, 
an essential ingredient was proving reduction to three simple modules [BMR2]. To be able 
to lift quiver mutation in this case has to do with establishing a close relationship between 
arrows and relation spaces, in other words, between Ext^- and Ext^-groups (see [Bon2]. 
Here a 3-CY type property of such cluster-tilted algebras would be useful, since this would 
imply D ExtS', 5") ~ Ext^(S",S') for simple modules S and S'. Actually, it has been 
shown in [KR] that the cluster-tilted algebra T = EndcQ(T) is Gorenstein of dimension 
at most 1, with the stable category GM T of GM modules being 3-GY. There is a more 
general result starting with C being 2-GY [KR], So we see that having 2-GY and 3-GY 
type properties around is useful for modelling some central ingredients of cluster algebra 
theory. 

The quivers we deal with in this paper are coming from algebras satisfying some 3-GY 
conditions. They are certain algebras A which are finitely generated as modules over a 
commutative noetherian ring of Krull dimension 3, such that the bounded derived category 
T)’^(flA) is 3-GY. In this setting we are able to lift mutations of quivers to such 3-GY 
algebras. Also, under some additional assumptions, the relevant category C is mod A, or 
rather the subcategory ref A of reflexive A-modules with the relevant objects being the 
tilting A-modules of projective dimension at most one. In this case there is some trace of 
a 2-GY property associated with the projective resolution of simple modules. 

So in this case we have the ‘opposite’ of the case of the categories associated with 
acyclic cluster algebras; that we have 3-GY and a trace of 2-GY. When we have the 3-GY 
algebra S * G where S = K[[x,y,z]] with the held K of characteristic zero and G is a 
hnite subgroup of SL^i^K) acting freely, there is here a close relationship to the stable 
category CM R of (maximal) GM modules for R = K[[x,y, z]]'^. The category CM R is 
2-GY, as follows from work of Auslander [A2;III]. For if R is a commutative complete local 
Gorenstein isolated singularity of dimension d, then the AR-translation r is which 

is [d — 2] in GM R. and hence GM R is {d — 1)-GY. More generally, the stable category of 
lattices over symmetric orders have the same property (see [A2] for dehnitions and results). 

Other classes of cluster algebras are investigated from the modelling point of view in 
[GLS]. Here they deal with the case ‘with coefficients’. But at the same time they obtain 
results on the ‘no coefficients’ case, which is here natural to compare with, from the point of 
view of GY-conditions. Let A be the preprojective algebra of a Dynkin diagram and mod A 
the stable category of the hnitely generated A-modules. Here the AR-translation r is 0“^ 
(see [AR2;3.1,1.2] [K3;8.5]), so that mod A is 2-GY. When A is of finite representation type, 
mod A is equivalent to a cluster category [BMRRT]. The special objects in mod A are, like 
in the cluster category, objects C maximal with the property Ext^o(j^(G, C) = 0. Then C 
can be lifted to A©G in mod A, which has a similar property. In this case one also has the 
algebras T = EndA(A © G), in addition to the factor algebras End(G). They have global 
dimension 3, and have some trace of being 3-GY, as shown in [GLS]; see also [KR]. There 
are also other similarities between our work and that of [GLS], with respect to the role of 
tilting modules. 

2. Preliminaries on module-finite algebras 

The main focus in this paper is on d-CY algebras and related algebras, especially for 
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d = 2,3. In this section we give some useful background material on the module theory for 
module-hnite -R-algebras, for a noetherian commutative ring R. First we discuss dimension, 
depth, global dimension and their relationships. Second, assuming that R is in addition 
a normal domain, we discuss reflexive modules and reflexive equivalence of algebras, in 
particular that being a symmetric algebra is preserved under reflexive equivalence. Finally, 
we give some results on derived categories needed in section 3. 

Let A be a module-hnite i?-algebra and M G mod A. Put 

dim^M := dim(i?/ ann^jM) 

where ann^M is an annihilator of the i?-module M. Since the value of dim^M is inde¬ 
pendent of the choice of central subring R of A, we denote it by dimM. 

Now assume that R is local. Put 

depth := inf{f > 0 | ExRj^{R/ Jji, M) ^ 0}. 

Then depth rM coincides with the maximal length of M-regular sequences [Ma;16.7]. By 
a result of Goto-Nishida [GN2;3.2], we have an equality 

depth/{M = inf{i > 0 | Ext\(A/JA,M) ^ 0}. 

In particular, the value of depth /jM is independent of the choice of central subring R of 
A. Thus we denote it by depth M. The following results will be quite useful. 

Proposition 2.1 [GN2;3.5] For any M G mod A, we have 
depthM < dimM < idAM = sup{f G Z | Ext\(A/JA,M) ^ 0}. 

In partieular, we have depth A < dim A < gl.dimA. 

Propostion 2.2 For A as above, we have gl.dimA = supjpdAM | M G hA}. 

Proof We put n := pdA(A/JA), and can clearly assume that n < oo . We will show 
that pdAM < n holds for any M G mod A by using induction on dimM. If dimM = 0, 
then M G flA holds, so we have pdAM < n . Now assume that pdAM < n holds for any 
M G mod A with dimM < m, where m > 0. Take any M G mod A with dimM = m. 
There is then an exact sequence 0—s>M—*>0 with L G flA and depth > 1. 
Since we have pdA^ < n by assumption, we only have to show pdAA^ < n . Take an 
A^-regular element r & R and consider the exact sequence 0 ^ N -A N ^ N/rN 0. 
Since dim(A^/rA^) < m holds, we have pdA(A^/FA^) < n by the induction assumption. 
Applying Nakayama’s lemma to the exact sequence ExtA(A^, —) ^ ExtA(A^, —) —0, we 
have pdAA^ < n . We see that pdAM < n.l 

We call M G mod A a Cohen-Maeaulay {CM for short) A-module of dimension n if 
depthM = dimM = n. We simply call a GM A-module of dimension d{= dimi?) a 
(maximal) CM A-module. We denote by GMA the category of GM A-modules. We call 
A an R-order, or just an order if A G GMA. If R has a canonical module ojr (e.g. R 
is Gorenstein and ojr = R), then depth M = d — sup{i > 0 | Ext)j(M, cur) ^ 0} and 
dimM = d — inf{i > 0 | ExCj^{M,ujji) ^ 0} [BH;3.5.11]. Thus M is GM of dimension n if 
and only if Ext^“*(M, cu/j) = 0 for any i ^ n. 
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As 2.1 suggests, orders with gl.dimA = d are very special. For example, we have the 
following Auslander-Buchsbaum type equality. 

Proposition 2.3 Let A be an order with gl.dimA = d. For any M G mod A, we have 
pd aAT + depth M = d. 

Proof Put n := pdA^f and t := depthM. We have a projective resolution 0 — 

Pn ^ ^ Pq ^ M ^ 0. Put Mi := Im/j for 0 < i < n, then we have an exact 

sequence 0 —Mj+i —Pj —Mj —0 with Pi G CM A. Applying HomA(A/JA, —), we have 
depth Mj > depth Mj+i — 1. Thus we have t = depth Mq > depth — n = d — n. 

On the other hand, take an M-regular sequence (xi, ■ ■ ■ ,Xt). Put W := M/ (xi, • • •, Xi)M 
for 0 < i < t, then we have an exact sequence 0 —A* Ni Aj+i —0. Apply¬ 
ing HomA(A/JA, —), we have an exact sequence Ext\{A/ Ja, Ni) Ext'/^(A/J a, A*) — 

Ext'jj^^(A/JA, Aj+i) —Ext-jj^^(A/J a, Aj+i) for any j. Using Nakayama’s Lemma, we have 
pdAAj+i = pdAAj + 1. Consequently, we have n = pdAAo = pdAAt — t < d — tM 

Let R be an arbitrary commutative noetherian ring. We call M G mod A a CM A- 
module if Mp G CM Ap for any p G Spec P, and we denote by CM A the category of CM 
A-modules. We call A an R-order, or just an order if A G CM A. 

We call A a symmetrie P-algebra if Homi:j(A, R) is isomorphic to A as a (A, A)-module. 

Now assume that P is a normal domain. We want to investigate reflexive equiva¬ 
lence, especially in connection with symmetric algebras. Recall that (—)* is the functor 
Homij(—,P) : modP —modP. We call M G mod A a reflexive A-module if the natu¬ 
ral map M M** (not HomAop(HomA(M, A), A)!) is an isomorphism. It is well known 
that M G mod A is reflexive if and only if M satishes Serre’s S 2 condition depth/jpMp > 
min{2,htp} for any p G SpecP [EG;0.B,3.6]. We denote by ref A the category of reflexive 
A-modules. Using the S 2 condition, one can easily check that ref A is closed under kernels 
and extensions. We have a functor (—)** = HomA;(Homj:j(—, P), P) : mod A —ref A (e.g. 
2.4(1) below). This gives a left adjoint of the inclusion functor ref A —mod A. 

We say that two P-algebras A and P are reflexive equivalent if the additive categories 
ref A and refP are equivalent. We call M G ref A a height one generator (resp. progen¬ 
erator, projeetive) if Mp is a generator (resp. a progenerator, projective) over Ap for any 
height one prime ideal p of P. The proposition below shows that many algebras which are 
not Morita equivalent may be reflexive equivalent. Part (2) is used in [RVl]. 

Proposition 2.4 (1) HomA(W, Y) G ref P for any X G mod A and Y G ref A. 

(2) Let A and P be R-algebras whieh are reflexive R-modules. 

(i) For any height one progenerator M G ref A, we have an equivalenee F := HomA(M, —) 
ref A —ref EndA(M). 

(a) Let F : ref A —refP be a eategorieal equivalence. Then there exists a height one 
progenerator M G ref A such that P ~ EndA(M) and F ~ HomA(M, —). 

(3) If A is a symmetrie R-algebra, then so is EndA(M) for any height one projective 
M G ref A. Thus symmetric algebras are closed under reflexive equivalences. 

Proof (1) Take an exact sequence A'^ —A™ —X —0 in mod A. Applying 
HomA(—, U), we obtain an exact sequence 0 —HomA(X, Y) Y^ —> W. Since ref P is 
closed under kernels, we have HomA(X, Y) G ref P. 



(2) (i) Let r ;= EndA(M) and consider the functor G := Honir(F(A), —) : ref L —ref A. 

We have homomorphisms / : (f(A) M)** = (HoniA(M, A) ®a M)** —EndA(M)** = 

r** = r and g {M F(A))** = (M Or HoniA(M, A))** ^ A** = A. Since M is a height 
one progenerator, /p and Qp are isomorphisms for any height one prime ideal p of R. Since 
/ and g are homomorphisms between reflexive -R-modules, they are isomorphisms. Using 
adjointness properties, we obtain 

F o G = HomA(M, Homr(F(A), —)) = Homr(F(A) Oa M, —) = Homr((F(A) Oa M)**, —) = 1 
G o F = Homr(F(A), HomA(M, —)) = HomA(M Gp F(A), —) = HomA((M Op F(A))**, —) = 1. 

Hence F : ref A —ref E is an equivalence. 

(ii) Left to the reader. 

(3) See [I4;5.4.3(l)], for example. For completeness, we give a proof here. By the same 
argument as in the proof of ( 2 ), we have an isomorphism / : (HomA(M, A) ®a M)** L. 
Thus we have isomorphisms 

r* ~ (HomA(M, A) Ga M)* ~ (HomA(M, A*) (8 )a M)* ~ {M* Ga M)* ~ HomA(M, M**) ~ L 
of (r, r)-modules.l 

We want to recall some results on derived categories which will be useful in the next 
section. We start with basic notation and dehnitions. For the rest of the section i? is a 
commutative noetherian ring and A is a module-hnite i?-algebra. 

For an additive category A, we denote by C{A) the category of complexes over A, by 
)C{A) the homotopy category of A, and by Vi^A) the derived category of A provided A is 
abelian [Hap][Harl]. For * = +, — or b, we denote by C*iA) (resp. /C*(Al), 'D*{A)) the 
full subcategory of C{A) (resp. }C{A), V{.A)) consisting of bounded below, bounded above 
or bounded complexes respectively. Moreover, for a full subcategory B of M, we denote 
by Cg(Al) (resp. iCsiA), V%{A)) the full subcategory of C*{A) (resp. 1C{A), V*{A)) 
consisting of all objects X such that the f-th homology H^{X) belongs to B for any i. 

We have natural equivalences /C“(PrA) 4^ T)“(ModA), /C”(pr A) 44 'P"(modA) and 
T>'’(modA) 44 'PjjjQ^^(ModA). The next two results were pointed out to us by Rickard 
lRi2|. 

Lemma 2.5 For any X G CfiA(niod^); there exists a guasi-isomorphism X with 
Y E C'’(flA). Thus we have eguivalences TAi^tX) 44 p{^^(modA) 44 R)Jj^(ModA). 

Proof It follows from [Ve;IIL2] that we only have to check the condition: 

(£’ 2 )°^ Let X E mod A and U G flA a submodule of X. Then there exists a submodule 
Z oi X such that U fl Z = 0 and X/Z E flA. 

To see this, let I be an arbitrary ideal of R. Since R is noetherian, there exists c > 0 
such that /"XnU = X~'^{FX flU) holds for any n > c by the Artin-Rees Lemma [Ma;8.5]. 
Applying this to I := ann/jU, we have F^^X DY = I{FX ft U) = 0. Since R/I is an 
artin ring, Z := F~^^X satishes the desired conditions.! 

In 3.1 we shall use the results below due to Rickard [Ri2]. We consider a descending 
chain R D /2 D ■ ■ ■ of ideals of A such that A*^*) := A/R G fli? for any i > 0. Put 

A := limi>o ^ • Denote as usual by ® (resp. RHom) the left (resp. right) derived 
functor of ® (resp. Horn). 
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Proposition 2.6 With the above notation, put := (g)^P and P := A^\P for 

P e /C'^(pr A). 

(1) limi>oHom^(ModA)(-’^,^^*^) = Hom25(ModA)(-’^, for any X e p”(modA). 

(2) If li = JX, then lii|ii>o Homx)(ModA)(P^*\-A) = Homx)(ModA)(P,-A) for any X e 
P^(flA). 

Proof Let P be a bounded complex ■■■—;> P~^ — P'^ — P^ —;> ■ ■ ■ in pr A. Then 
ph) is given by the bounded complex ■■■—;> (P“^)h) —(pO)W (pi)W in pr A*^*b 

(1) We can assume that X is given by the bounded above complex ■■■—!► Q~^ 

^ ^ in pr A. Since Ijm HomA(Q'^, (P*)*^*^) = HomA(Q'^,P*) holds, we have an 

isomorphism of complexes 

•••^Ijm n HomA(gA(P*)('))^lim H HomA(gA (P')('))^ljm H HomA(Q^ (P*)«) 

—s-\-t=—l —s+t=0 — 

I? I? I? 

n HomA(g^P') ^ n HomA(g^P') ^ H HomA(g^P*) 

—s-^t=—l —s-\-t=0 —s+t=l 

Since each inverse system (n-s+t=n HomA(g'^, (P*)*^*^))j consists of hnite length P-modules, 
it satishes the Mittag-Leffler condition (e.g. [Har2;II.9]). Thus the 0-th homology of the 
upper sequence in the diagram above is isomorphic to lim Hom 25 (ModA)(-A, A’b)), and we 
obtain the desired isomorphism. 

(2) We will show that the natural map li^i Hom 25 (ModA)(P*'*\-A) —> Hom 25 (ModA)(P,-A) 
is bijective. Fix any / G Hom 25 (ModA)(A’, X). By 2.5, we can write / = gs~^ for g G 
Hom^b(modA)(A’, X') and a quasi-isomorphism s G Hom^b(flA)(X, X'). It follows from X' G 
/C’^(flA) that g factors through some P^^\ and hence / also factors through P*^*b Thus the 
above map is surjective. 

We now show injectivity. Let p : P —P*^*^ be the natural map. Assume that / 
Hom 55 (ModA)(A’*^*\X) satishes p/ = 0. Again we write / = gs~^ for p G Hom^b(modA)(A’(*\ 
and a quasi-isomorphism s G Hom^b(flA)(X, X'). Since pg is null-homotopic, we can take 
a homotopy a \ P ^ X'[—1]. It follows from X' G X’’(flA) that a factors through P^^"> for 
some sufficiently large j. Then the composition of P^-^^ —P*^*^ and g is null-homotopic.l 

The concept of derived equivalenee is central for our work. Recall that T G X’’(pr A) 
is a tilting complex if Hom 25 (ModA)(^; ^[*]) = 0 for any i ^ 0 and T generates /C'^(prA). 

If a A-moduIe T is a tilting complex, it is called a tilting module. We will mostly deal 
with tilting modules T of projective dimension at most one. They satisfy the conditions 
(i) Ext]^(T, T) = 0 and (ii) there exists an exact sequence 0—s>A— s^Tq— s>Ti—*>0 with 
Ti G addT. 

Rickard proved in [Ril] that the following conditions (l)-(4) are equivalent. 

(1) (resp. (2), (3)) X’’(prA) and/C'’(prr) (resp. p'=’(modA) and p'=’(modr), /C“(PrA) 
and /C~(Pi’r)) are triangle equivalent. 

(4) There exists a tilting complex T G X'^(pr A) such that P ~ Endx)(ModA)(P)- 

If these conditions are satished, we call A and P derived equivalent. We call T in (4) 
above a two-sided tilting complex if T G p’’(mod A 0^ r°P). 

We have the following relationship with localizations. 
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Lemma 2.7 Let T G /C’’(pr A) be a tilting complex with T := Endx)(ModA)(^)- For any 
p G Spec-R, we have a tilting complex G /C'^(prAp) with Endx)(ModAp)(7"p) = Ep. 

Recall that a A-module T is said to be a partial tilting module if pdA^ < 1 and 
Fjxt\(T,T) = 0. The following proposition is a generalization of Bongartz’s result [Bonl] 
for hnite dimensional algebras. We sometimes call X a Bongartz complement of T. 

Lemma 2.8 For any partial tilting A-module T, there exists X G mod A such that 
T ® X is a tilting A-module. Moreover, if R is normal and T © A G ref A, then X G ref A. 

Proof Let P Extj\^(T, A) —0 be exact, with P projective in modEndA(T). We can 
write P = HomA(T, T') for T' G addT. It follows from Yoneda’s lemma on addT that / is 
given by a G Extj\^(T', A). Take an exact sequence 0—s>A—corresponding 

to a. Then HomA(T, T') Ext\(T, A) —0 is exact and pdA(T © X) < 1 holds. 

Applying HomA(T, —), we see that ExtA(T,X) = 0. Applying HomA(—,T ©X), we get 
ExtA(T © X, T © X) =0. Thus T © X is a tilting A-module. If R is normal, then ref A is 
closed under extensions. Thus the second assertion follows.l 

The following easy lemma is useful (e.g. [HU2;1.2], [Ye2;2.3]). 

Lemma 2.9 Let T be a tilting A-module with a minimal projective resolution 0 — 

Pi ^ Pq ^ T —0. Then add(Po © Pi) = add A and addPo H add Pi = 0. In particular, 
if A is Morita eguivalent to a local ring, then T is projective. 

We will use the following canonical isomorphisms (e.g. [F;pp.l53]), where we denote 
by Flat T the category of flat T-modules. 

Lemma 2.10(1) RIIomA(E ©r X, Z) ~ RIIomr(X, RHomA(E, Z)) for any X G P>“(Modr), 
Y G P)"(ModA <Z>R r°P) and Z G 15+(Mod A). 

(2) RIIomA(X, Y) ©r ■Z’ ~ RHomA(X, Y ©r Z) for any X G P~(mod A), Y G ©'’(ModA©/? 
r°P) and Z G P’’(Modr), provided X G X'^(prA) or Z e X'’(Flatr). 

3. Calabi-Yau algebras and symmetric orders 

Throughout this section, let P be a commutative noetherian ring with dim R = d and 
A a module-hnite P-algebra. We denote by E{X) the injective hull of X G modP and put 
E := 0p£MaxRThen E is an injective P-module, and we have a duality 

P := Hom^j(-,P) :flP^flP (resp. flA^flA°P, ^p'^(flP), P^(flA) -^V^iQA^P)) 

called Matlis duality, such that DoD is isomorphic to the identity functor [BH;3.1.3,3.2.13]. 

For example, if P is a polynomial or power series ring over a held K, then D is isomorphic 
to HomA:(—, K). Obviously, X G Mod A belongs to h A if and only if it belongs to hP as 
an P-module. For X, Y G P'=’(modA), Homii,(ModA)(X, Y) belongs to hP if X or Y is in 
P^(hA). 

For an integer n, we call A n-Calabi-Yau {n-CY for short) if there exists a functorial 
isomorphism 

Hom55(ModA)(X, Y[n]) ~ P Hom25(ModA)(>^, X) (*) 
for any X, Y G P'’(hA). Similarly, we call A n-Calabi-Yau~ {n-CY~ for short) if there 
exists a functorial isomorphism (*) for any X G P'^(hA) and Y G X’’(pr A). 
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In this section we first give some basic results for n-CY and n-CY~ algebras in 3.1. 
The main result is a characterization of these algebras in terms of symmetric orders in 3.2. 
Obviously, n-CY (resp. n-CY~) algebras are closed under Morita equivalences. A hnite 
product Hi Aj of algebras is n-CY (resp. n-CY~) if and only if so is each Aj. Part (1) and 
(7) in the following theorem are due to Rickard [Ri2]. 

Theorem 3.1 (1) n-CY (resp. n-CY~) algebras are elosed under derived equivalenees. 

(2) A is n-CY if and only if so is A°p (ef. 3.4(1)). 

(3) (localization) A is n-CY (resp. n-CY~) if and only if so is Ap for any p G Maxi? fl 

SuppijA. 

(4) (completion) If R is local, then A is n-CY if and only if so is A (cf. 3.4(2)). 

(5) Any n-CY algebra A satisfies gl.dim A = n. 

(6) Any n-CY~ algebra A satisfies depth j:jpAp = dim A = idAA = n for any p G 
Max i? n Supp rA . 

(7) A is n-CY if and only if it is n-CY~ and gl.dim A < oo. 

(8) If A is n-CY, then there exists a functorial isomorphism Hom 25 (ModA)(-^, — 

D Hom 25 (ModA)(h', X) for any X G 'D'^(flA) and Y G Il'^(modA). 

Proof (1) By [Re;6.3], /C'^(pr A) consists of the compact objects X of /C“(Pr A), i.e. 
the functor Hom 25 (ModA)(X, —) on /C“(Pr A) commutes with arbitrary direct sums. On the 
other hand, 'D'^(fl A) consists of all objects X G /C“(Pr A) such that Hom 25 (ModA)(X, X[i]) 
has hnite length for any Y G /C’^(pr A) (see 2.5). Thus any triangle equivalence /C~(Pr A) — 
/C“(Prr) induces triangle equivalences /C'^(prA) —/C'^(prr) and T>'=’(hA) —'D'=’(hr). 
Thus the n-CY and n-CY~ properties are preserved by derived equivalence. 

(2) Immediate from Maths duality. 

(3) (4) Put S := Rp for (3) and S := R for (4). Then S' is a hat i?-module. We have a 
functor (— S) : 'D’’(ModA) —^ 'D’’(Mod A S) with isomorphisms 

RHomA^^ 5 (A 0R S, Y<S)rS)- RHomA(X, Y^rS)cz RHomA(X, Y) 0r S 

for any X, Y G T)’’(modA) by 2.10. Applying ii°, we have a functorial isomorphism 


Hom55(ModA®fl5)(X ( 8 )n S,Y ^r S) ~ Homp(ModA)(X, Y) S. 

If one of X, Y G T)’^(modA) is contained in VA{?lA), we have functorial isomorphisms 


Homp(ModA)(X, Y) ~ 0Hom25(ModA)(X, Y)p ~ 0 Hom 25 (ModAp)(Xp, Yp) for (3), 

P p 

Hom 25 (ModA)(X, Y) ~ Hom^(ModA)(X, Y) ~ Y) for (4), 


where the direct sum is hnite. Thus the ‘if’ part follows. The ‘only if’ part also follows 
since the induced functors T>'’’(hA) —> V^{G.A®r S) and X'’’(prA) —X'’’(prAp) are dense. 

(5) We can assume that R is complete local by (3) and (4). For any X, Y G hA, we 
have 


ExtX(X, Y) ~ T)Extj("*(Y,X) 


0 {i> n), 

ZlHomA(Y,X) (i = n). 


Considering a minimal projective resolution ■■■—*> Pi —Pq —X —> 0 of X G hA, we 
have IIomA(Pi, A/Ja) = ExtA(X, A/Ja) = 0 for ? > n. Thus we see that Pn+i = 0 and 
pdAX < n. Putting Y := X, we see that pdAX = n. By 2.2, we have gl.dim A = n. 
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(6) We can assume that R is local by (3). For any X G flA, we have 

ExtX(X, A) - I)ExtX“*(A, A) = 

This implies depth A = dim A = WaA = n by 2.1. 

(7) The ‘if’ part holds since gl.dimA < cx) implies ©'’(flA) C 'D'^(modA) = /C^(prA). 
We now show the ‘only if’ part. We can assume that R is local by (3). Then A^) ;= A/J^ 
satishes A = limi>oA*^*^. Take X G 'D'^(flA) and Y G /C'‘’(prA). Then we have G 
'D^(flA). Since A is n-CY, we have a functorial isomorphism HHomx)(ModA)(Y*^*\X) ~ 
Hom 25 (ModA)(Ar, YW[n]). Taking Ijm on both sides and applying 2.6, we obtain functorial 
isomorphisms 

D Homp(Mod A) (Y, A) ~ Homp(Mod A) (X, Y[n]) = Homp(Mod A) (X, Y[n\) = Hom 25 (Mod A) (X, Y[n]). 

(8) A is n-CY“ and 'D'^(modA) = X'‘’(pr A) by (7). Thus the assertion follows.l 

We now state our main theorems in this section, which give a characterization of n-CY 
and n-CY“ algebras. 

Theorem 3.2 Let R be a loeal Gorenstein ring with dimi? = d and A a module-finite 
R-algebra. Assume that the strueture morphism R ^ A is injective. 

(1) If A is n-CY orn-CY~ for some integer n, then n = d. 

(2) A is d-CY~ if and only if A is a symmetric R-order (in the sense of section 2). 

(3) A is d-CY if and only if A is a symmetric R-order with gl.dimA = d. 

Theorem 3.3 Let R be a Gorenstein ring with dimi? = d, A a module-finite R-algebra 
and n an integer. 

(1) The conditions (i)-(iii) are eguivalent. 

(i) A is n-CY~. 

(a) Ap is a CM Rp-module of dimension n and Ext^p’‘’~”(Ap, i?p) ~ 
modules for any p G Max R fl Supp rA. 

(Hi) Ap is a CM Rp-module of dimension n and Ext^'^~”(Ap, .Rp) ~ 

modules for any p G Max R fl Supp rA. 

(2) The conditions (i)-(iii) are eguivalent. 

(i) A is n-CY. 

(a) (l)(ii) and gl.dimAp = n for any p G Maxi? fl Supp^jA. 

(Hi) (l)(iii) and gl.dimAp = n for any p G Maxiifl SuppijA. 

We note that a d-CY~ algebra A over a non-local Gorenstein ring R is not necessarily 
a symmetric i?-algebra even if the structure morphism i? —A is injective.^ 

Before proving our main theorems, we state some easy consequences. 

^The following example was pointed to us by J. Miyachi: Let i? be a noetherian ring with a non-trivial 
Picard group and / a non-free invertible ideal. Then A := i? IX 1 is not a symmetric i?-algebra even 
though Ap is a symmetric i?p-algebra for any p G Max R. If in addition R is Gorenstein and ht p = c? for 
any p G Maxi?, then A is d-CY” by 3.2. 


Ap as (Ap, Ap^ 
Ap as (Ap, ApX 


0 {i^ n), 

DX {i = n). 
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Corollary 3.4 Let R be a Gorenstein ring with dimi? = d, A a module-finite R-algebra 
and n an integer. 

(1) A is n-CY~ if and only if so is A°p (cf. 3.1(2)). 

(2) If R is local, then A is n-CY~ if and only if so is A (cf. 3.1(4)). 

(3) If A is n-CY (resp. n-CY~), then Ap and Ap are m-CY (resp. m-CY~) for any 
p G Suppj^A and m := dim/jpAp. 

(4) If R is a normal domain and A is d-CY (d > 1), then A is a reflexive R-module 
and a maximal R-order. 

(5) If R is local and A is d-CY~, then the following assertions hold for any i. 

(i) There exists a functorial isomorphism Ext\(—, A) ~ Ext^(—,-R) on mod A. 

(a) depthM = d — sup{i > 0 | Ext\(M, A) 7 ^ 0} and dimM = d — inf{i > 
0 I Ext\(M, A) 7 ^ 0} for any M G mod A. 

(Hi) Ext^“*(—,A) gives a duality between CM A-modules of dimension i and CM 

-modules of dimension i. 

(6) If R is local, then symmetric R-orders (resp. symmetric R-orders of global dimen¬ 
sion d) are closed under derived eguivalences. 

Proof (1) follows from the left-right symmetry of the condition 3.3(l)(ii), and (2) 
follows from the equivalence of 3.3(l)(ii) and (hi). 

(3) By 3.1(7), we only have to show the assertion for CY“. For any p G Supp/jA, take 
q G Maxi? with p C q. Since Ext)^q(Aq, i?q) = 0 (f 7 ^ ht q — n) and Ext^^‘’~"'(Aq, i?q) ~ 
Aq as (Aq, Aq)-modules by 3.3(1), we have that Ext)jp(Ap, i?p) = 0 (i 7 ^ ht q — n) and 
Ext^p‘’~”(Ap, i?p) ~ Ap as (Ap, Ap)-modules. Thus Ap and Ap are m-CY~ by 3.3(1). 

(4) Since A is a Cohen-Macaulay i?-module, it is reflexive. By (3), Ap is 1-CY for any 
p G Speci? with htp = 1. Thus Ap is a maximal i?p-order (see 3.13). These conditions 
imply that A is a maximal order by a result of Auslander-Goldman [Re;11.4,11.5]. 

(5) A* ~ A as (A, A)-modules by 3.2. Let ■ ■ ■ ^ Pq ^ M ^ Ohe a projective resolution 
of a A-module M. Since A G CM R by 3.2, we have Ext)^(Pi, i?) = 0 for any i > 0. Applying 
HomA(—,A) ~ HomA(— ,A*) ~ Homj:j(—,i?), we see that Ext\(M, A) = Ext^(M, i?). The 
other assertions follow immediately. 

( 6 ) Since module-hnite i?-algebras are closed under derived equivalences [Ril], the 
assertion follows by 3.1(1) and 3.2.1 

For proving our main result in this section, it will be useful to investigate Nakayama 
functors in the context of derived categories. Now let i? be a local Gorenstein ring with 
dim R = d and A a module-hnite i?-algebra. Recall that i? is a dualizing complex of R, 

i.e. 

(—)^ ;= RHom^(—,i?) : T)(modi?) —> T>(modi?) 

gives a duality such that (—)^^ is isomorphic to the identity functor [Harl;V2.1]. Obviously 
(—)^ induces a duality (—)'^ ; T)^(modA) <->• A°p). Dehne the Nakayama functor 

in the derived category by the composition 

u : 75“ (mod A) T)’''(mod A°p) T>~(modA). 
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Proposition 3.5 (1) With the above notation, we have the following isomorphisms of 
functors, (—)'!’ ~ RHomA(—, A^) : D(modA) —> r>(modA°P) and (—)^ ~ RHomAop(—, A^) : 
P(modA°P) — > P(modA). Thus G 'D’^(mod A A°p) is a dualizing complex of A in 
the sense of Yekutieli [Yel], 

L 

(2) There exists an isomorphism u zz A* ®a(—) of functors on V (modA). 

(3) There exists a functorial isomorphism RHomA(X, iz(Y)) ~ RHomA(P, X)'!’ for any 
X G P'^(modA) and Y G /C'^(pr A). 

, 2.10(1) L , 

Proof (1) RHomA(-, At) ~ (A ®a -V ^ (-)^ 

(2) z/ = RHomA(-, A)t ~ RHomA(-, Att)t (At _)tt ~ At Ia -• 

(3) RHomA(X,z/(F)) = RHomA(X, RHomA(P, A)t) (RHomA(P, A) (|a 

~ RHomA(P,X)t.| 

We need the following special case of the local duality theorem [F][Harl]. 

Lemma 3.6 We have an isomorphism (—)t ~ [—d] o D of functors on TA{^R). 

Proof We give a proof for completeness. Fix X G TA{?iR). Consider the following 
morphism in F)^(Modi?) 

I -- >R -.--> 0 --- 

T T T II 

I'^[-d] ->0-^0-^-^ 0 - >1^ - 

where / is a minimal injective resolution of the R-module R. Then = E. Take a 
triangle E[—d] -A- J ^ J' ^ E[1 — d]. Since Homj:j(X,/*) = 0 for any X G fli? and for 
any i with 0 < i < d, we have RHom^(X, I') = 0 for any X G E^{fiR). Thus we have an 
isomorphism {DX)[—d] = RHomii;(X, i?)—d]) ~ RHom/{(X,/) = Xt.l 

We have the following ‘Serre duality theorem’ for arbitrary module-hnite i?-algebras. 

Theorem 3.7 For any module-finite R-algehra A, we have a functorial isomorphism 


Homp(ModA)(A:, z/(y')[d]) ~ T>Hom 25 (ModA)(d^, a:) 
for any X G tA{^A) and Y G /C'’(pr A), 

Proof Hom^(ModA)(X, iz{Y)[d]) = R''(RHomA(X, v{Y )))^ R''(RHomA(T, X)t) 

~ Rop j^HomA(T,X)) = M0(RHomA(T, X)) = D Homp(ModA)(h", X)-l 
We now obtain the following crucial result to prove our main theorems 3.2 and 3.3. 

Theorem 3.8 Let R be a local Gorenstein ring with dimi? = d, A a module-finite 
R-algebra and n an integer. Then the following conditions are eguivalent. 

(1) A is n-CY~. 

(2) There exist isomorphisms ExtA(—, A) ~ D and ExtA(—, A) = 0 (i ^ n) of functors 
on fl A which commute with the right action of A. 

(3) X^ zz A[n — d] in {mod A A°^). 
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(4) There exists an isomorphism z/ ~ [n — d] of funetors on /C’’(pr A). 

(5) A is a CM R-module of dimension n, and Ext^“"'(A, i?) ~ A as {A, A)-modules. 

(1) The condition (i) replacing (-R, A) by {R, A) (I < i < 5). 

Proof (3)-^(4) (resp. (3)<(^(4)) follows by 3.5(2). (4)=^(1) (resp. (4)^(1)) follows 
by 3.7. (1)^(2) (resp. (T)=^(2)) and (2)^(2) are obvious. 

(2) ^(3) We put {R,A) := {R,A) for simplicity. It follows from 2.1 that A is a CM R- 
module of dimension n. Take a A-regular sequence ai, • • •, a„ G i?, and put /' := Yi]=i Ra^j 

L 

and li := I-A. Then A/R G flA and A = limi>o A/R. Since A®rR/I[ = A/R = 

L , L , L L , L , 

R/R®rA holds, we have A^ ®\A/R = A' ®rR/R = R/R®rA^ = A/R®\Ah We have 

L 3 5(2) (2) 3 0 

isomorphisms A1 ®a(—) — ^ = (—)^ o RHomA(—,A) ~ (—)! o [—n] o D ~ [n — d] of 
functors on flA. Thus we have isomorphisms 

A[n — d] = ^ limi>o A//j[n — d] ~ limi>o A1 (8 )a A//j ~ limi>o A//j (8 )a A1 = ^ Ah 

These isomorphisms commute with the right multiplication of A. Thus (3) holds. 

(4) y»(5) (resp. (4)y»(5)) We have H\AR = Ext)j(A,R). Thus H\AR = 0 holds for 
any i d — n ii and only if A is a CM i?-module of dimension n. In this case, Al ~ A as 
(A, A)-modules if and only if Ext^'”"'(A, i?) ~ A as (A, A)-modules. 

(5) -v^(5) A is a CM i?-module of dimension n if and only if A is a CM i?-module 
of dimension n. Since (A A°p) = A A°p holds, it follows from 3.9 below that 
A ~ Homi{(A, R) as (A A°P)-modules if and only if A ~ Hom^(A, R) as (A A°p)- 
modules. 

Now one can easily check that all conditions are equivalent.! 

Lemma 3.9 Let R be a local ring, A a module-finite R-algebra and M, N G mod A. If 
M ':::=L N as A-modules, then M c:=l N as A-modules. 

Proof We modify the proof of [CRe;30.17] where the case dim/? = 1 is treated. Let 
/ G Hom^(M, N) be an isomorphism with g := f~^. Since Hom^(M, N) = HomA(M, N) , 
we can take f G HomA(M, A^) and g' G HomA(A^, M) with f — f E pHomA(M, A^) and 
g-g' G pHomA(Ar,M). Then = g'f-gf e (p Endx(iV))nEndA(iV) = pEndA(iV). 

Thus we have N = g'f'{N) + pN. Using Nakayama’s lemma, we have g'f G AutA(A^). 
Similarly, f'g’ G AutA(M) holds, so f is an isomorphism.! 

Using 3.8 together with 3.1(7), we have now completed the proof of 3.2 and 3.3. 

In the rest of this section, we give some examples of n-CY algebras. Let us start with 
considering commutative CY and CY“ algebras. 

Proposition 3.10 Let R be a commutative noetherian ring and n an integer. 

(1) R is n-CY~ if and only if R is Gorenstein and dimi?p = n for any p G Maxi?. 

(2) R is n-CY if and only if R is regular and dimi?p = n for any p G Maxi?. 

Proof The ‘only if’ part follows from 3.1(3)(5) and (6). The ‘if’ part follows from 
3.1(3) and 3.2.! 

Next we consider 0-CY algebras. 
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Proposition 3.11 A finite dimensional algebra over a field is 0-CY if and only if it is 
a semisimple algebra. 

Proof Since any 0-CY algebra has global dimension zero, it is semisimple. Conversely, 
it is well-known that any semisimple algebra over a held is symmetric [CRe;9.8].l 

Now we consider 1-CY algebras over a complete discrete valuation ring R with quotient 
held K. Recall that an i?-order A is called hereditary if gl.dimA = 1. Let us recall briehy 
the structure theory of maximal and hereditary orders [Re][CRe]. For a ring A and n > 0, 
we put Tn(A) := ^ Mn(A) | Xij G Ja if * > j}- The following results are 

well-known. 

Proposition 3.12 (1) Any finite dimensional division K-algebra D contains a unigue 
maximal R-order Ad [Re; 12.8], 

(2) An R-order is maximal if and only if it is Morita eguivalent to Adi x ■ ■ ■ x Ad^ for 
some finite dimensional division K-algebras Di [Re; 17,3]- 

(3) An R-order is hereditary if and only if it is Morita equivalent to Tni(ADi) x ■ ■ ■ x 
Tufi^Dk) for some finite dimensional division K-algebras Di and Ui > 0 [Re;39.14]. 

We have the following relationship between 1-CY algebras and maximal orders. 

Proposition 3.13 Let R be a complete discrete valuation ring and A a module-finite 
R-algebra. If A is 1-CY, then it is a maximal R-order. 

Proof By 3.2, A is a symmetric R-order with gl.dimA = 1. Thus A is Morita 
equivalent to Tm(^ dJ x ■■■ x Tn^{AD^) by 3.12(3). One can check that if Tn(^) is a 
symmetric R-algebra, then n = 1 (e.g. [Hae;6.3]). Thus A is maximal by 3.12(2).! 

We note that a maximal order is not necessarily symmetric. Let R be a central division 
R-algebra with dim^R = If the residue held of R is hnite, then Homij(Ao,R) 
is isomorphic to as a (A^, Ao)-module [Re;14.9]. If n > 1, then is never 
isomorphic to A^ by [Re;37.27]. We thank Wolfgang Rump for kindly explaining these 
results to us. 

We now give other examples of d-CY algebras, where d > 2. Let R be a held of 
characteristic zero and G a hnite subgroup of SL(i(R) acting on R'^ naturally. The action 
of G naturally extends to S := K[[xi, • • •, Xd[\. We denote by the invariant subring, and 
by the skew group ring, i.e. a free S'-module with a basis G, where the multiplication 
is given by (sififi) ■ (< 52 ( 72 ) = (<Si( 7 i(<S 2 ))(( 7 i( 72 ) for Si E S and gi G G. We have the following 
result (c.f. [CRo]). 

Theorem 3.14 S * G is d-CY and a symmetric -order with gl.dimR * G = d. 

Proof Any hnite subgroup G of SLd(R) is small in the sense that any g E G with 
g I satishes rank( 5 f — 1) > 1. This implies End 5 G(S') = S * G hj a result of Auslander. 
See [A3][Yo] for d = 2, and a similar argument works for arbitrary d. 

Since S' * G is a free S'-module, S' * G is an S''^-order. Since S * G = Ends'G(S') holds, 
S*G is a symmetric S"^-order by 2.4(3). Moreover, Ext 5 ^Q(R, Y) = Ext 5 (R, Y)^ holds for 
any X,Y E mod S' * G and i E Z [A3] [Yo]. Thus we obtain gl.dim S' * G = d by gl.dim S = d 
and 2.1 (see also [RR]).i 
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For a finite subgroup G of SLd(iF), we can draw the quiver of the algebra S' * G as 
the McKay quiver oi G [Me] by using irreducible representations of G and tensor products 
(see [A3][Yo][I4]). Now we give some examples. If G = (diag(C,C )''' )Cj) C SLd(iF) with 
= 1, then S' * G is the completion of the path algebra of the following quiver with 
commutative relations XiXj = XjXi for any i and j. 


• 


• ^ 

X9. 

• 

• XO 


• 




X^ 


^ X^ 



c 

XI 

x^ 


X^ 


X^ 

XI 

X 


xo. 


X9 


X9 



• 

X^ 


x^ 


• 

X^ 



1 


' 2 


■*■3 

2—1 


i 


If d = 3 in the example above, then S * G has the left quiver below. If G = 
(diag(C, C^)) Y SL 5 (iF) with C,^ = 1, then S' * G has the right quiver below. 


4. Construction of tilting modules 

Let i? be a complete local ring and A a ring-indecomposable module-hnite i?-algebra. 
A central theme in this paper is the study of tilting modules for d-CY algebras for d = 
2, 3, especially the tilting modules of projective dimension at most one. In particular, 
we are interested in the number of complements of almost complete tilting modules. A 
basic partial tilting A-module T is said to be an almost complete tilting module if T has 
(n — 1) non-isomorphic indecomposable direct summands, where n is the number of non¬ 
isomorphic simple A-modules. In this case, X is called a complement of T if T © X is a 
basic tilting A-module. For hnite dimensional algebras it is known that there are at most 
two (and at least one) complements, in the case of projective dimension at most one, and 
it is never the case that all almost complete tilting modules have two complements. In the 
context of module-hnite i?-algebras A, we see in section 5 that the result on at most two 
complements still holds, but now there are algebras A where all almost complete tilting 
modules have two complements, as we shall show in section 5 for 2-CY and 3-CY algebras. 

In this section we treat the special case of almost complete tilting modules which are 
projective. We show that for d-CY algebras with no loops in the quiver there are exactly 
two complements to tilting modules of projective dimension at most one, and give an 
explicit description of the non-projective one. Even though it will not be used later in 
this paper, we describe more generally all complements which give tilting complexes, in 
particular those which are tilting modules of projective dimension greater than one. In the 
hrst part of this section we work in the general context of module-hnite i?-algebras, and 
give here necessary (and sufficient) conditions on what the complements are. Then we use 
this to obtain a nice description for d-CY algebras. 

Fix an indecomposable object P G pr A, and let Q be a direct sum of all indecomposable 
projective A-modules which are not isomorphic to P. We want to hnd conditions for 
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replacing P with a complement X of Q. For n > 0, there exists a unique complex up to 
isomorphism 


RAri 


0^ A 


0 « 


0 




P^O 


which gives the hrst n terms of the minimal right (add (5)-approximation sequence of P 
[AS], i.e. A* G addQ and a* G JprA for any i and iJ*(RHomA(Q, RA„)) = 0 for any i 7 ^ 0. 
Similarly, for n > 0, there exists a unique complex up to isomorphism 


LAn 


0 ^ P 


B 


l—n 




which gives the hrst n terms of the minimal left (add(5)-approximation sequence of P, i.e. 
P* G addQ and V G JprA for any i and P*(RHomA(LA„, Q)) = 0 for any i 7 ^ 0. 

We then have the following necessary and sufficient conditions on complements of Q. 

Theorem 4.1 With the above notation and assumptions, we have the following. 

(1) Let X he an indecomposable object in /C'’(pr A). If X (BQ is a tilting complex, then 
X is isomorphic to RA„ or LAn for some n > 0. 

(2) RA„ ©Q is a tilting complex if and only i/P*(RHomA(RA„, Q)) = 0 for any i ^ 0. 

(3) LA„ ®Q is a tilting complex if and only if , LA,r)) = 0 for any i ^ 0. 

Proof (l)(i) Let X be a complex ■■■ - —X® X*+^ -—■■■in X'^(pi’A) with 
c* G JprA for any i such that X © Q is a tilting complex. We have Homy^b(pr a)(Q,-A[ i]) = 
P®(RHomA(Q,X)) and Hom^b(prA)(X, g[i]) = P*(RHomA(X, Q)). 

(ii) Put m := min{i | X* 7 ^ 0}. We will show that either X™ G addP or m = 0. 

If X”® ^ addP, then we can choose /”® G HomA(X”®, Q) not in JprA^ We extend f^ to 
a chain morphism / G Hom^b(prA)(W, g[—mj). If m 7 ^ 0, then we have / = 0. Thus /"® 
factors through c”® G JprA, a contradiction. 

(iii) Put n := max{i | X® 7 ^ 0}. Then the dual argument to (ii) shows that either 
X®® G addP or n = 0. 

(iv) Since A is ring-indecomposable, so is End;^b(prA)(W © Q) since X © Q is a tilting 
complex. Thus m < 0 < n holds. If m = n = 0, then we have X = P. Otherwise, (ii) and 
(iii) imply that either (m < 0 and X®®® G addP) or (0 < n and X®® G addP). 

(v) We will show that, if 0 < n, then X is isomorphic to RA„. 

Inductively, we will show that X® G addQ for any i ^ n. This is true for any i with 
i <m. Assume that X® G addQ holds for any i with i <1. Since P*(RIIomA(g, X)) = 0 
for any i 7 ^ 0 by (i), any G IIomA(X^,X®®) can be extended to the following chain 
morphism / G Homy^b(prA)(W,X[n — /]). 


0 —>-> 0 —> X®®® —>-—^x'Ai^x'+^—^-^X®® 

i i i i i i 


X® 


>x 




>x 




w 


n-ic“ 


>x® 


Since Hom^b(prA)(W,X[n — /]) = 0, we obtain 

f G c'HomA(X'+\X®®) +HomA(X',X®®-i)c®®-i C JprA. 
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This implies G addQ- 

Thus we have proved X* G addQ for any i ^ n. Hence (ii) implies m = 0, and X gives 
the hrst n terms of the minimal right (add(5)-approximation sequence of G addP. 
Since X is indecomposable, we have X” = P and X = RA„. 

(vi) A dual argument to (v) implies that, if m < 0, then X is isomorphic to LA_m. 

(2) The ‘only if’ part follows by (l)(i) above. We will show the ‘if’ part. By (l)(i) 
again, Hom^b(prA)(Q, RA„[i]) = 0 = Hom^b(prA)(RA„, (^[i]) holds for any i 7 ^ 0. 

Take any / G Hom^b(prA)(RAn, RA„[i]). If i > 0, then the conditions A* G addQ 
(i 7 ^ n) and P*(RHomA(Q, RA„)) = 0 (i ^ 0) imply that there exist • • •, in 

the diagram below such that for any j. 



Thus we have / = 0. On the other hand, if i < 0, then the conditions A* G addQ 
{i 7 ^ n) and Tr*(RHomA(RA„, Q)) = 0 (i 7 ^ 0 ) imply that there exist • • •, s” in 

the diagram below such that for any j. 



0 ->-> 0 -> A° - > A^ - > . q"+» - ^y^n+i+1 -^- 


Thus we have / = 0. 

Consequently, Homj(;;;b(pr a)(RA„ © Q, (RA„ © Q)[i]) = 0 holds for any i 7 ^ 0. Thus 
RA„ © Q is a tilting complex since it clearly generates X'’’(pr A). We can show (3) dually.l 

As a consequence, we obtain information on the number of possible complements. 

Corollary 4.2 For any n > 0, Q has at most 2n — l complements giving rise to tilting 
eomplexes with term length at most n in X’’(prA). For any n > 0, Q has at most n 
eomplements giving rise to tilting modules of projective dimension at most n — 1. 

Proof By 4.1, LAj,RAj (0 < i < n) are the possible complements with term length 
at most n in X’’’(pr A). Note that RAq = P = LAq. Thus the hrst assertion follows. Since 
R*(RAj) never vanishes for any i 7 ^ 0, RAj can never be isomorphic to a module. Thus 
the second assertion follows.l 

We now give a basic result on n-CY algebras A, which we use to obtain more precise 
information on the number of complements. Following Seidel-Thomas [ST], we say that a 
simple A-module S is n-spherical for n > 0 if ExtA(5', S') = 0 for any i with i 7 ^ 0, n. (See 
section 6 for a more general dehnition.) 

Proposition 4.3 Let K he a basie d-CY algebra, e a primitive idempotent of K, P := Ae 
and Q := A (1 — e). Take a minimal projective resolution 0 —^ Pd-i ^ Pi ^ 

Po^R^O ofS:=P/JAP. 
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(1) We have an exaet sequenee 0 —HomA(-Po; A) ^ ^ HomA(-P(i, A) ^ DS 0. 

(2) Prf ~ Po = P- 

(3) is indeeomposable for any i (0 < i < d). 

(4) S is d-spherieal if and only if Pi G addQ- 

(5) If S is d-spherical, then the indueed morphism fl^S Pi_i by fi is a minimal left 
{add Q)-approximation for any i (1 < i < d). 

Proof (1) We have an isomorphism 

Ex4(A,A) ^ PEx 4 -*(A, 5 ) = 

Thus we have the desired exact sequence by applying HomA(—, A). 

( 2 ) Since the projective cover of DS is HomA(Po, A), the assertion follows by (1). 

(3) This follows by using that P = Pd is indecomposable. 

(4) This is a direct consequence of the dehnition of S being d-spherical. 

(5) Applying — ( 8 )a Q to the exact sequence in ( 1 ), we get an exact sequence 0 — 

HomA(Po, Q) ^ HomA(Pd, Q) —^ 0 using that (DS) ®a Q = 0. Thus the assertion 

follows.l 

We now obtain our sufficient conditions for an almost complete projective module to 
have exactly two completions giving rise to tilting modules of projective dimension at most 
one. 

Theorem 4.4 Let A be a basie d-CY algebra, e a primitive idempotent of A, P := Ae 
and Q := A(1 — e). Assume that S := P/J\P is d-spherieal. 

(1) Any RA„ and LA„ (n>0) are complements of Q. 

(2) Q has exactly d complements DAS (I < n < d) giving rise to tilting modules of 
finite projective dimension. They satisfy pdA(f^'^5') = d — n. 

(3) Q has exactly 2 complements P and D‘^~^S giving rise to tilting modules of projective 
dimension at most one. They are reflexive if d> 3. 

Proof (1) We use the notation in 4.3. Since S is d-spherical, RA„ is obtained from 
a minimal projective resolution of S as follows: 

• • • ^ Pi ^ Pd-i ^ Pi P^_i ^ ^ Pi ^ Pq ^ 0 ^ • 

By 4.3, P*(RHomA(RA„, Q)) = 0 holds for any i 7 ^ 0. Thus RA„ is a complement of Q. 
A similar argument works for LA„. 

(2) D’^S is quasi-isomorphic to the complex X = (■■■—*> 0 P^ Pd-i —^ ■ ■ ■ —^ Pn —^ 
0 —which satishes 0^=^ P* G addQ since S is d-spherical. Since HomA(Pn,Q) —^ 

■ ■ ■ —> HomA(P(i-i, Q) ^ HomA(Pd, Q) —0 is exact by 4.3(5) and 0 —> HomA((5,P(i) — 
HomA(Q,Pd-i) —^ HomA((5,Pn) is also exact, we have that X = LAd-n is a com¬ 
plement of Q by 4.1. 

(3) Since A is reflexive and ref A is closed under kernels, D*^~^S is reflexive if d > 3.1 


0 (0 < i < d) 

DS (i = d) 
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5. Mutation on tilting modules 

Let -R be a normal complete local Gorenstein domain and A a module-finite -R-algebra. 
Throughout this section, all (almost complete) tilting modules have projective dimension 
at most one. We denote by tilti A the set of isomorphism classes of basic tilting A-modules. 

We have seen in section 4 that for d-CY algebras with no loops in their quiver, the al¬ 
most complete projective tilting modules have exactly two complements, and we have 
given an explicit description of the complements. We improve these results, by dropping 
the assumption that the almost complete tilting module is projective, and show that a 
more general class of d-CY algebras have the same property, including all 2-CY and 3-CY 
algebras. We also give a description of the complements. 

We start with some background material on tilting modules. This is taken from the 
theory of finite dimensional algebras [RS] [HUl] [U], but is stated in our more general context 
of module-finite i?-algebras, where the results remain valid. Since the proofs are usually 
the same as for finite dimensional algebras, they are mostly omitted. Let us start with the 
following. 

Proposition 5.1 Any almost complete tilting module T has at least one complement 
(called a Bongartz complement constructed in 2.8) and at most two complements. 

Proof This follows from 2.8 and a similar argument as in [RS;1.3] [U].l 

To study the relationship between two complements of an almost complete tilting mod¬ 
ule, let us recall the following result [RS;1.3]. 

Proposition 5.2 Let T be an almost complete tilting A-module and 0 — Y T' ^ 

X —> 0 an exact seguence with T' G addT. Then the following conditions are eguivalent. 

(1) X is a complement of T and f is a minimal right {a.ddT)-approximation. 

(2) Y is a complement ofT, g is a minimal left -approximation, and pd aX < 1. 

Proof (1)^(2) Applying HomA(T, —), we obtain ExtA(T, Y) = 0. Applying HomA(—, T© 

X), we obtain ExtA(Y, T©X) = 0. We will show that HomA(Y, T') ^ HomA(Y, X) —0 is 
exact. Then we have Ext)\^(Y, Y) = 0 by applying HomA(Y, —). Fix any a G HomA(Y, X). 
Since Ext)^(X, X) = 0, there exists b such that a = gb. Since / is a right (addT)- 
approximation of X, there exists c such that b = cf. Thus a = {gc)f holds. 

Since T © X generates /C'’(pr A), it follows from the exact sequence 0 —Y —T' — 

X —0 that T © Y also generates /C’’(pr A). Thus T © Y is a tilting A-module. It follows 
from Ext)\^(X, T) = 0 that g is a left (addT)-approximation. 

One can show (2)^(1) similarly.! 

When the conditions of Proposition 5.2 hold, put 

z/3 ^(T©X) :=T© Y and z/+(T © Y) := T © X. 

We call these operations mutations. For example, in 4.4(2), we have = A 

and r'p(A) = For any basic tilting A-module T and any indecomposable direct 

summand X of T, at most one of VxiT) and VxiT) exists by 5.1, and we sometimes denote 
it by 

^x(T). 


22 



We put := {C G mod A | Extjv(T, C) = 0}. Following [RS] (see also [HU2]), we write 

T <U 

if T-*- ^ f/-*-. Then tilti A forms a partially ordered set with a unique minimal element 
A. One can easily check that, if VxiT) (resp. z/^(T)) exists, then VxiT) < T (resp. 

T < z/ 3 f(T)). Recall that the Hasse quiver oi tilti A is the quiver with the set of vertices 
tilti A, and we draw an arrow T —R (T, R G tilti A) if T < R and there is no R G tilti A 
such that T < V < U. The following proposition asserts that the arrows of the Hasse 
quiver of tilti A are given by mutation. 

Proposition 5.3 (1) ForT,U G tilti A, the following conditions are equivalent. 

(i) T <U. 

(a) There exists an indecomposable direct summand X of U such that T < OxfU). 

(Hi) There exists an indecomposable direct summand Y of T such that VyiT) < U. 

(2) ForT,U G tilti A, the following conditions are equivalent. 

(i) There exists an arrow T ^ U in the Hasse quiver o/tilti A. 

(a) There exists an indecomposable direct summand X of U such that T = UxifJ). 

(Hi) There exists an indecomposable direct summand Y of T such that U = 

(iv) There exists an almost complete tilting A-module which is a common direct sum¬ 
mand of T and U. 

The next result generalizes 4.3 and 4.4 in two directions. For one thing, we treat 
arbitrary tilting modules which are not necessarily projective. In addition, we drop the 
assumption in 4.4 that S is d-spherical, and we replace it by a weaker assumption on the 
depth and injective dimension of T/J. Notice that we can obtain 4.3 and 4.4 by putting 
T = A in 5.4. 

Theorem 5.4 Let A be a d-CY algebra, T a basic tilting A-module and T := FndA(T). 

For a primitive idempotent e ofT, put P := Te, Q := r(l — e), I ;= r(l — e)r and 
S := T/{I + Jr). Assume that the equality n := depth(r//) = idr//(r//) holds. 

(1) There exists a minimal projective resolution 0 —> Pd-n ^ Pq ^ T/1 ^ 0 of 

the T-module T/J. 

(2) We have a minimal projective resolution 0 —Homr(Po; T) Homr(Pd-n, T) - 

T/J —0 of the T°^-module T //. 

(3) Pd-n ~ Po = -P and Pi, Pd-n-i e addQ. 

(4) Fix i>0. If Torf (T, S) = 0, then Tor[(T, X) = 0 for any X G mod(r//). 

(5) Z/+(T) = Trrop(r//) © r(l - e) and z/+r(r) = Trr(r//) © (1 - e)r. 

(6) Precisely one of (i) or (ii) holds. 

(i) T S = d and vf^{T) = Homrop(zz^(r), T). 

(ii) Tor[(T, ^) = 0 and vf,{T) = T ©r 4ei^)- 

(7) If d — n > 3 and T is reflexive, then vreiT) is reflexive. 

Proof (1) pdr(r//) = J — n holds by 2.3. 

(2)(3) Since T/J is a CM T-module of dimension n, it follows from 3.4(5) that Fxtr(r//, T) = 
0 for any i d — n and Fxtr“’^(r//, T) ~ Fxt^“’^(r//, R) is a CM r°P-module of dimension 
n. Since idr//(r//) = n, we have that Fxt^“’^(r//, P) is a projective (r//)°P-module by 
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[GN1;1.1(3)]. Since F/J is local, Ext^'“"'(r//, i?) ~ F/J as a F°P-module. Now we can 
show (2) and (3) by a similar argument as in the proof of 4.3(1) (2). 

(4) Use induction on dimX similarly as in the proof of 2.2. 

(5) ( 6 ) Applying 2.9 to the tilting F°P-module T, precisely one of T 5' = 0 or 
Tor5"(T, S') = 0 holds. 

(i) Assume T <S)t S = 0. Since T (F/J) =0 holds by (4), we have an exact sequence 
0 —Homr(Trr(F//), T) T Pi Te —0 by applying Homr(—,T) to the exact 

sequence Homr(Po 5 r) ^ Homr(Pi,F) —> Trr(F//) —0. Since fi is a minimal right 
(add(5)-approximation, T ® /i is a minimal right (addT(l — e))-approximation. Thus we 
have i^TeiP) = Homr(Trr(F//), T) © T(1 — e). 

(ii) Put U ■.= T Trrop(F//). Since Torf (T, F/J) = 0 holds for any i > 0 by (4), we 

have an exact sequence 0 —> T ©r Pd-n ■■■—!► T ©r -Po T ©r (h/I) — 0 . In 

particular, 0 —Te T ©r Pd-n-i —> U —^ 0 is exact by ( 2 ). Since fd-n is a minimal 

left (add(5)-approximation, T®fd-n is a minimal left (addT(l — e))-approximation. Thus 
we only have to show pdA^ < 1, or equivalently, depth U > d — 1 by 2.3. 

Take a F//-regular sequence (xi, • • •,a;„), and put Fj := {T/1)/{xi, ■ ■ ■ ,Xi){V/1) for 
i = 1, • • • ,n. Then for i < n we have an exact sequence 0 —Fj Fj —Fj+i —0. 
Applying T ©r —, we have an exact sequence 0 —T ©r F* T ©r Fj —T ©r Fj+i —0 
since Tor^(T, Fj+i) = 0 by (4). This means that (xi, • • •, Xn) is also a (T ©r (F//))-regular 
sequence. In particular, we have depth(T ©r (F//)) > n. Since depth(T ©r Pi) > d — 1, 
the exact sequence 0 ^ U —T ©r Pd-n -2 —■ ■ ■ —> T ©r To —^ 7" ®r (F/J) —0 implies 
depth!/ > d — 1. 

Putting A = T = F in (ii), we have r're(r) = Trrop(F/J) © F(1 — e) and r'^(F) = 
Trr(F//) © (1 — e)F. Thus the equalities in (5) and ( 6 ) follow. 

(7) This is obvious for the case ( 6 )(i). For the case ( 6 )(ii), the assertion follows from 
the exact sequence 0 ^ U —T ©r Pd-n -2 —^ T ©r Prf_„_ 3 .l 

We notice here that we can regard the tilting modules constructed in (5) above as 
analogs of APR tilting modules [APR]. 

To apply 5.4 for the case d = 2 and 3, we need the following observation. 

Lemma 5.5 Let T be a ring-indecomposable d-CY algebra. For an idempotent e ^ \ 
of F, put I ;= F(1 — e)F. 

(1) T <^ji K is a simple algebra for the quotient field K of R. 

(2) dim(F/J) < max{0, d — 2}. 

(3) If d < 3, then idr//(F//) < max{0, d — 2}. 

(4) If d = 3 and e is primitive, then depth(F//) = idr//(F//). 

Proof (1) Since R is normal, F = Hp Tp holds where p runs over all height one prime 
ideals of R. By 3.13 and the structure theorem 3.12(2) of maximal orders over complete 
discrete valuation rings, Fp contains all central idempotents of F K. Thus F contains 
all central idemptents of F K. Since F is ring-indecomposable, F ©/? K is simple. 

(2) By the structure theorem of maximal orders, we have (F/J)p = Fp/FpcFp = 0 for 
any height one prime ideal p of R. Thus dim(F /I) < d — 2 holds. 

(3) If d < 1, then F/J = 0 by 3.4(3), 3.12(2) and 3.13. Assume d = 2 or 3. Since 
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mod(r//) is extension closed in modF, we have Extp(r//,X) = 0 for any X G niod(r//). 
Since V is d-CY, we have Extp“^(X, F/J) = 0 for any X G fl(F//). Assume d = 2. Using 
again that mod(F//) is extension closed in modF, we get Extp/p(X, F/J) = 0. Thus 
idp/z(F//) = 0. 

In the rest, assume d = 3. For any X G fl(F//), take an exact sequence 0 — 
Y —> (F//)"^ —X —0. Applying Homp(—,F//), we get an exact sequence 0 = 
ExtJ.((F//)'^,F//) ^ Ext^(Y,F//) ^ Ext^(X,F//) = 0. Thus we have Ext^(Y,F//) = 
0. Since mod(F//) is extension closed in modF, we have Extp/p(Y, F/J) = 0. Thus 
Extp/p(X, F/J) = 0. It follows from 2.1 that idp//(F//) < 1. 

(4) Since F/J is a local algebra with idp//(F//) < cx) by (3), it follows from a result of 
Ramras [Ra;2.15] that depth(F//) = idp//(F//) (see also [GN2;3.9]).I 

We now get our desired result for 2-CY and 3-CY algebras. 

Theorem 5.6 Let K he a ring-indeeomposable d-CY algebra with d = 2 or 3, T a 
hasie tilting A-module and F := EndA(T). For a primitive idempotent e Y 1 of F, put 
I := F(1 - e)F and S := F/(/ + Jp). 

(1) n := depth(F//) = idp/ 7 (F//), and n = d — 2 or d — 3. 

(2) Z/+(F) = Trpop(F//) © F(1 - e) and z/+p(F) = Trp(F//) © (1 - e)F. 

(3) r're(r) = / = r'et(F) if n = d — 2, and r're(r) = IIompop(z/^(F), F) if n = d — 3. 

(4) Preeisely one of (i) or (ii) holds. 

(i) T S = and = Hompop(z/^(F), T). 

(ii) Tor[(T, ^) = 0 and z/+,(T) = T ©p z/+(F). 

(5) If n = d—3 and T is reflexive, then VTeiT) is reflexive and vreiT) = (T©p -'r.(r))". 

(6) We have isomorphisms Endr (z/pg(F)) ~ EndA(^'re(T)) ~ Endrop(r'^(F))°P. This is 
isomorphic to V if n = d — 2. 

Proof (1) is shown in 5.5, and (2) and (4) are shown in 5.4. One can check (3) easily 
by using the exact sequences in 5.4(1)(2). 

(5) VTe{T) is reflexive by 5.4(7). The assertion for the case (4)(ii) is obvious. For the 
case (4)(i), the assertion follows from uxeiT) = (T ©p IIompop(z/^(F), F))** and (3). 

(6) We have ring morphisms a := Hompop(—, T)j^+^-p^ ^-p^ : Endpop(z/^(F))°P — 

EndA(z/re(T)) for (4)(i) and b := (T ©p -)^+: Endp(z/ri'e(F)) ^ EndA{iyflflT)) 
for (4)(ii) between d-CY algebras. For any p G Speed? with htp = 1, then 
and Tp are progenerators. Thus Op and bp are isomorphisms. Since a and b are morphisms 
between reflexive i?-modules, they are isomorphisms. 

If n = d — 2, then we have ring morphisms F —Endp(/) = Endp(z/pg(F)) and F — 
Endrop(/)°'’ = Endrop(r'^(F))°P by (3), and Jp = Fp for any p G Speed? with htp = 1. If 
n = d — 3, then we have a ring morphism Hompop(—, F)j^+^ p^ ^p^ : Endrop(r'^(F))°P — 

Endp(z/pg(F)) by (3). We can show that these are isomorphisms by a similar argument as 
above.l 

The following generalization of 4.4(3) follows immediately from 5.6(4)(5). 

Corollary 5.7 Let A he a basic ring-indecomposable non-local d-CY algebra with d = 2 
or 3, and let n be the number of simple A-modules. 
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(1) Any almost complete tilting A-module has exactly two complements. Thus any 
vertex in the Hasse quiver of tilti A has precisely n neighbours. 

(2) Assume d = 3. If T is a reflexive tilting A-module and the quiver o/EndA(T) has 
no loops, then all n neighbours ofT are again reflexive. 

We have the following natural questions. 

Questions (1) Is the Hasse quiver of tilti A connected? In other words, can any tilting 
A-module be obtained by applying successive mutations to A? We will show in the next 
section that this is the case for d = 2. 

(2) Is 5.7 valid for arbitrary dl By 5.4, it is enough to show depth(r//) = idr//(r//) 
for any ring-indecomposable d-CY algebra F and any primitive idempotent e of F with 
J;=F(l-e)F. 

6. 2-Calabi-Yau algebras and affine Weyl groups 

Let R he a. normal complete local Gorenstein domain with dimi? = d and A a basic 
module-finite i?-algebra which is d-CY. Thus A is a symmetric i?-order with gl.dimA = d. 
If d = 0 or 1, then A is Morita equivalent to a finite product of local rings by 3.11 and 
3.13, and any tilting A-module is projective by 2.9. So the next question is to determine 
tilting A-modules for the case d = 2. Assume for the rest of this section that d = 2, and 
we only deal with tilting modules of projective dimension at most one. 

In this section we show that each almost complete tilting A-module has exactly two 
complements, and also give an explicit description of them. The tilting modules are all 
ideals, and we describe the set tilti A of tilting modules as a monoid of ideals generated 
by a finite set of idempotent ideals. We show that this set tilti A is in bijection with the 
elements of the affine Weyl group W associated with the quiver of A, which is given by a 
generalized extended Dynkin diagram. The group W has two natural partial orders, and 
we show that they coincide with the two orders on tilti A, where one is recalled in section 
5 and the other one comes from inclusion of ideals. 

When A is local, then any tilting module over A is projective. In the rest of this section, 
we assume that A is non-local. Let Ci, • • •, be a complete set of orthogonal primitive 
idempotents of A. Put R := A(1 — eflA. Then Si := A/(/j -|- Ja) is the simple A-module 
(resp. simple A°P-module) corresponding to e^. Then R is maximal amongst left (resp. 
right) ideals / of A such that any composition factor of A/1 is S^. We have shown in 
5.6(3) that R is a tilting A-module, and moreover if T is a tilitng A-module, then either 
HomA(/i, T) or RT is another tilting A-module. For later applications, we investigate these 
modules more carefully. 

Proposition 6.1 Let T be a tilting A-module and 1 < i < n. 

(1) We have depthT > 1 and natural inclusions RT C T C HomA(/i,T) such that 
HomA(A,T)/ATefiA. 

(2) Presisely one of (i) or (ii) holds. 

(i) Si ®\T = 0, RT = T and = RHomA(/i,T) = HomA(/i,T). 

(ii) Torf(5'j,T) = 0, HomA(/i,T) = T and uf^,{T) = R^/^T = R CiaT = RT. 

Proof (1) We have depthT > 1 by 2.3. It follows from 5.5(2) that A/R is artin. 
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Applying HomA(—,T) to the exact sequence 0—s>A—i^O, we get an ex¬ 
act sequence 0 —HoniA(A//j, T) —T —HoniA(/i,T) —ExtA(A//j,T) —0. Since 
Ext\(A//j,T) has hnite length for any i, we have HoniA(A//j,T) = 0 by depthT > 1. 
Thus we have inclusions !{! C T C HoniA(/i,T) with HoniA(/i, T)//jT G flA. 

(2) By 5.6(3) and (4), we only have to show equalities JjT = T and RHoniA(/i,T) = 

HoniA(/i,T) in (i) and HoniA(/i,T) = T and = li ®a T = !{! in (ii). 

(i) Since any composition factor of T//jT is S'*, we have !{! = T since Si ®a T = 0. 
Since 

Extq/..r) = Ex.;y(A//..r) = | „H„m»(r,A//.) = 0 III] 

holds, we have RHomA(/j,T) = HomA(/i,T). 

(ii) Any composition factor of HomA(/i,T)/T is Si, so we have HomA(/i,T) = T since 
Torf(S'j,T) = 0. Since Tor(\^(/i,T) = Tor(Y“^(A//j, T) = 0 holds for any / 7 ^ 0, we have 

L 

Ii ( 8 )a T = Ii®]\T. Applying —®aT to the exact sequence 0 —A —A//j —0, we have 
an exact sequence 0 = Tor\(A//j, T) — Ii®AT T. Thus we have Ii®AT ~ Im / = /jT.I 

The set of 2-sided ideals of A forms a monoid by multiplication of ideals. We denote 
by X(A) the submonoid generated by the ideals /i, • • • ,In- Our first main result in this 
section is that all tilting A-modules are obtained in this way. 

Theorem 6.2 X(A) = tilti A and X(A) = tilti A°p. 

Proof If T is a tilting A-module, then so is UT by 6.1(2). Thus X(A) consists of 
tilting A-modules. We only have to show that any basic tilting A-module is isomorphic to 
some element of X(A). We will use the functor (—)* ~ HomA(—, A) (3.4(5)). 

(i) For any T G tilti A, we will show that T** is a projective A-module such that T is 
a submodule of T** and T**/T has hnite length. 

By [AB], we have an exact sequence 

0 ^ ExtA(TrT,A) ^ T ^ T** ^ Ext\(TTT,A) 0. 

For any p G Spec R\ Maxi?, it follows from 2.7 that Tp is a tilting module over Ap, which is 
0 or 1-CY by 3.4(3). Thus Tp (and hence (Tr T)p) is a projective Ap-module as we remarked 
previously. Hence Ext\(TrT, A)p = 0 holds for i = 1,2. This implies that Ext)^(TrT, A) 
has hnite length for i = 1,2. Since depthT > 1 holds by 2.3, we have ExtA(TrT, A) = 0. 
Since T** G ref A, we have depthT** > 2. Thus T** is a projective A-module by 2.3. 

(ii) Take a simple submodule S'* of soc(T**/T). Then Torf(S'j,T) = Torf (TA*,T) = 
T ExtA(T, Aj) = ExtA(5'j,T) 7 ^ 0 holds. By 6.1, Ti := HomA(ii,T) is again a tilting A- 
module with T C Ti and Ti/T G hA. Applying (—)* to the exact sequence 0 —T — 
Ti —Ti/T —0, we get T* = Tj* since depth A = 2. Consequently, we have inclusions 
T C Ti C T** = Tp**. Repeating this process, we obtain an increasing sequence 

T = To C Ti C ■ ■ ■ C T,„ = T** 

of tilting A-modules with T^.p = U^Tk for any k. Since T** is a projective tilting A-module, 
we have addAT** = addAA. Thus addAT = addA(7ii ■ ■ ■ A™)-l 
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For any T G tilti A and 1 < i < n, there exists an arrow T —or h’TeS'^) ^ 

in the Hasse quiver of the poset tilti A by 5.3(2). We denote these arrows by in the rest 
of this section. We have the following consequence. 

Corollary 6.3 The Hasse quiver o/tilti A is connected, and any vertex T has precisely 
n neighbours VTaiT) (1 < i < n). Moreover, EndA(T) = A holds for any T G tilti A. 

Proof The second assertion holds by 5.3(2) and 6.1. We will show that tilti A is 
connected. Any Tq G tilti A can be written as Tq = /ai ■ ■ ■ lam by 6.2. We can assume 
that m is minimal. Put T* := la^ ■ ■ ■ lam-i- Then we have a strictly increasing sequence 
To C Ti C ■ ■ ■ C Tm-i C Tm = A. By 6.1, there exists a path A T^-i ^ Tq in 

tilti A. Now the third assertion follows by 5.6(6).l 

To give an explicit description ofX(A), we determine the quiver of A. Following Happel- 
Preiser-Ringel [HPR1,2], we call the valued graphs below generalized extended Dynkin 
diagrams. 


(i) An extended Dynkin diagram. 



(ii) o» • • •.• 

-•—•—O 


(ill) (y • • •.• 

(a b) 

— •-• - • 

(a, 5) = (2,1) or (1,2) 

(iv) (y • • •.• 

— • — •c:^ 


For a generalized extended Dynkin diagram A, dehne a 

valued quiver called the double 


of A as follows: We replace a valued edge •-• by two valued arrows • • of opposite 

direction. We replace a loop by an arrow from a vertex to itself. 

We can describe valued quivers of 2-CY algebras (c.f. [Boc]). It is an interesting 

question whether all double of generalized extended Dynkin diagrams occur in this way. 

Proposition 6.4 The valued quiver of any basic ring-indecomposable 2-CY algebra is 
a double of a generalized extended Dynkin diagram. 

Proof By 4.3, the quiver of A is a double of some graph A. For each vertex e* of A, 
put di := rankijAcj. Then di gives a positive additive function on A. By [HPRl], A is a 
generalized extended Dynkin diagram.l 

We will give an explicit description of X(A) in terms of affine Weyl groups. By 6.4, the 
quiver of A is a double of a generalized extended Dynkin diagram A. We denote by W 
the affine Weyl group associated with A dehned as follows [Hu][BB]: Put m{i,i) := 1. For 
i ^ j, put 


' 2 
3 

m{i,i) := 4 

6 

oo 


no edge between i and j, 

i 3 


-o 


O t 3 ^ 

i •, • 

•-—((a b) = (1 3) or (3 1)), 

(y —C>—• 


or i iPj = (1 2 ) or (2 1 )) 


or ((a b) = (1 2 ) or (2 1 )). 


Then W is presented by generators Si, • • •, and relations (sjSj)™'bj) = x_ We shall also 




deal with the affine braid group associated to A to study autoequivalences of the derived 
category D'^(niodA). This group B is presented by generators and relations 

titjti ■ ■ ■ = tjtitj ■ ■ ■, where both sides are product of rn{i,j) generators. 

We have seen in section 5 that tilti A has a natural order. In view of 6.2 we have in 
addition the order given by inclusion of ideals. The affine Weyl group W also has two 
partial orders. We want to show that there is a bijection between the elements of tilti A 
and W, respecting partial orders. 

So let us recall the Bruhat order <, right order <r and left order <l on W [BB] (<« 
is called a weak order in [Hu]). The length l{w) of tc G W is the minimal value of k for 
any expression w = of and we call an expression with k = l{w) reduced. 

Fix w^w' G W. We draw an arrow w' ^ w ii both w = w's and l{w') < l{w) hold for 
s = xSiX~^ for some i and x G W. Similarly, we draw an arrow w' w (resp. w' ^rw) 
if both w = w'si (resp. w = Siw') and l{w') < l{w) hold for some i. For w.iw' G hF, 
we dehne w' < w (resp. w' <r w, w' <l w) if and only if there is a path from w' to w 
consisting of arrows —> (resp. -^r, —>l)- For any reduced expression w = Sai ■ ■ ■ Sa,,, it is 
well-known that w' < w holds if and only if w' = for some 1 < ii < ■ ■ ■ < iq < k 

[Hu;5.10]. Thus the Bruhat order on W is left-right symmetric (i.e. w' <w ii and only if 
w'~^ < w~^), but the right order and the left order are not. 

We are now in the position to state our main result on the connection between tilti A 
and the affine Weyl group W. The crucial role is played by the mutation of tilting modules 
given in 6.1. 

Theorem 6.5 (1) W acts transitively and freely on tilti A by 



^Tci (T) = HomAop (A, T) ifT®RSi = 0 
z/+^(T) = TA z/Torf(T,5,) = 0 


for any T G tilti A and 1 < i < n. 

(2) Under the induced bijection W 3 w ^ A^ G X(A), 

(i) the Bruhat order on W coincides with the reverse inclusion relation on X(A), 

(ii) the right order on W coincides with the order on tilti A = X(A) (section 5), 

(Hi) the left order on W coincides with the order on tilti A°p = X(A), 

(iv) A^ = la^ - ■ ■ la^ holds for any reduced expression w = ■ ■ ■ Sa^. 

In order to prove this result we consider the action of tilting complexes on the derived 
category. Let A'o(A) be the Grothendieck group of A and Kq{A)£ := Kq{A) <2)z C, which 
has the basis {[X*] | 1 < * < because A has hnite global dimension. For an arbitrary 

L 

two-sided tilting complex T of A, we have an autoequivalence T G)a ~ of X’’(mod A). Thus 

L 

we get a map tilti A —GL(iFo(A)c) dehned by T i—> [T Ga —]• We will compare with the 
contragredient of the geometric representation of IF [BB;4.1,4.2] dehned as follows: Put 

ki^i := -2. For i ^ j, put {kij,kj^i) := {a,b) for {kij,kj^i) := {a, 2b) forQi-^f^i, 

and {kij, kj^f) := (2, 2) for Let V* be a vector space with basis af • • •, a*. 

Dehne a* G GL(F*) by (T*(p) := p + PiYff=ikija* for p = Y)]=iPjC(j- H is well-known 
that the map s* i—> a* extends uniquely to an injective homomorphism a* : IF —GL(F*), 
w af [BB;4.2.7]. The following result, which is also interesting itself, shows that the 
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autoequivalence induced by a tilting module has similar properties as a*. As we shall 
explain later, it is closely related to a result of Seidel-Thomas [ST], 

Theorem 6.6 (1) Let V* Kq{A)£ be an isomorphism defined by a* i—> [Pi], Then the 

L 

indueed isomorphism GL(V^*) —GL(A'o(A)c) satisfies i—> [A"' —] for any w G W. 

L 

(2) We have an aetion ti i—> (A G)a —) of the braid group B on 'D'^(mod A). 

We will give a proof of 6.5 and 6.6 after giving a series of preliminary results. Let 
us start with the following observation on tilting modules associated with a set of simple 
modules. 

Lemma 6.7 Let S be a set of simple -modules and T G tilti A = X(A). Put 
e := ^ Cj, Is := A (1 — e)A, U:=TIs and V := B.om\op[Is,T). 

l<7<n, SiGS 

(1) U is minimal amongst sub -modules of T such that any composition factor of 
T/Lf is in S, and V is maximal amongst sub A'^'^-modules of A such that T C V and any 
composition factor ofV/T is in S. 

(2) topTA and soc(A/T)a do not have any common composition factor. 

(3) U,V e tilti A. 

(4) There is a path G —*>■■■—in tilti A with arrows indexed by S. 

(5) V/U is a projective-injective {A/-module which is a generator-cogenerator. 

Proof (1) is obvious. We obtain (2) by 6.1(2). Since we can obtain U (resp. V) 
by applying (resp. u~) to T repeatedly, we have (3) and (4). We will now show 
(5). Since A/Jg is selhnjective by 5.5(3), we only have to show that V/U is progenerator. 

f 

Let 0 ^ Pi ^ Pq ^ V —0 be a minimal projective resolution of the A°P-module V. 
By the choice of V, soc(A/1/)a does not contain any module in S. We have a minimal 
projective resolution Pq Pf ExtAop(A/V, A) —0. Since ExtAop(A/V, A) = D{A/V) 
holds, top Pi does not contain any module in S. Thus Pi C Pg/g holds. Thus we have 
PqIs/Pi = U and f-\U) = Pg/g. Then V/U ~ Pq/Pq/s = (A//s) implies that V/U 

is a projective (A//g)°P-module. Moreover, 2.9 implies that any module in S appears in 
topPg = topP. Thus V/U is a generator.! 

The next result is needed for showing that the action of W described in 6.5 is well- 
dehned. 

2 

Proposition 6.8 = T holds for any T G tilti A and 1 < i < n. 

Proof Put S := {Pj} and dehne U and V by 6.7. Since any composition factor of the 
(A//g)°P-module V/U is Si by 6.7(1), either U = T or V = T holds by 6.7(2). If P = T, 
then we have T®* = V and = T. If P = T, then we have T®* = U and = T.i 

Now we prove theorem 6.5 for the case when A has only two simple modules. Then the 
quiver of A is the double of one of the following valued graphs: 

Q.--Q or ((« b) = (1 2 ) or (2 1 )). 

The corresponding affine Weyl group IP is presented by generators Si, S 2 and relations 
-^i = -si = 1- Thus we obtain 6.5(1) in these cases by 6 . 8 . Since any element in IP can 
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be written as <siS 2 SiS 2 ■ ■ ■ or S 2 S 1 S 2 S 1 ■ • we obtain 6.5(2) in these cases by the following 
proposition. 

Proposition 6.9 Assume that A has only two simple modules. 


(1) The Hasse quiver 

o/tilti A is 

as follows: 



A ^ h 

hh 

^ hhh 

hhhh 

2 ^ 

\ 





h 

^ hh 

^ hhh 

hhhh 

1 

(2) The Hasse quiver 

o/tilti A°P 

is as follows: 



A ^ h 

1 2 

12 hhh 12 

hhhh 

12 

\ 

X 

X X 


X 

h 

hh 

hhh 

hhhh 


(3) The Hasse quiver 

of the reverse inclusion order 

in J(A) 

is as follows: 

A ^ h 

hh 

hhh 

hhhh 

—> • • • 

\ 

X 

X X 


X 


^ hh 

^ hhh 

hhhh 

—> • • • 


Proof Using 5.3(2) and 6.1, we have (1). Considering A°p, we have (2). To show (3), 
we only have to care about arrows, and it is easy.l 

In the rest of this section, assume that A has at least three simple modules. We next 
investigate the Loewy series for the factor algebra given by the ideal associated with a set 
of two simple modules. 

Lemma 6.10 (1) The (Loewy) length of A/Ii is at most two. 

(2) Let S := {Si, with i 7 ^ j. Then the Loewy series of A/Is is as follows: 


i j 

•-• 

i (2 1) j 

•-• 

i (1 2) j 

•-• 

Q 

1 

1 

0 

1 

• 

i (3 1) j 

•-• 

^ (1 3) j 

•-• 

1 * 1 1 
[ i 1 * J 


i 

3 3 
i 

j 

i 

j 



i 

3 

i 

1 1 



i 

i 3 
^ 3 
i 

3 

i 

i 

3 _ 



i 

3 

3 

i 

1 1 



i 

3 3 3 
i i 

3 3 3 
i 

3 

i 

3 3 
i 

3 _ 



i 

3 

i i 

3 

i 

3 

i i i 

3 3 
i i i 

3 _ 



Proof By 4.3(1), the category pr A of projective A-modules over a 2-CY algebra A 
forms a r-category in the sense of [11,2]. For any idempotent e of A, the category pr(A//) 
also forms a r-category by [12; 1.4]. We give an indication of the proof, referring to [11,2] 
for dehnitions. 

(1) We only have to consider the case when the quiver of A has a loop at the vertex 
i. Put A := A//j. Since prA is a r-category, we have a minimal projective resolution 
A^A—>A—such that the map (/■) : A —A, which is obtained by applying 
Hom;^(—, A), has a simple cokernel. Thus / does not belong to JA, and the cokernel of / 
is simple. Thus A has (Loewy) length two. 

( 2 ) Put A := A/Is. We explain for the case •- — -i. In this case, the hrst three terms 

of the minimal projective resolutions of the simple A°^-modules S'* and Sj are given by 
Pi ^ ^ Pi ^ Si ^ 0 and Pj ^ Pi ^ Pj Sj 0. By [Il;4.1,7.1], we have 
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commutative diagrams 


Pi D PiJ^ 

p . 72 

0 p 

0 p - 


Pj D PjJj; 


3 PX| 

3 

3 PjJ^ 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

p.^ _ , 



— Pi ' 

i— 0 


- Pi ■ 

-Ph 

— Pi < 

— Pj < 

i— 0 

T * 

T 

* T 

* T 

* T 

* T 

T * T 

* T 

* T 

* T 

* T 

0 <— 

Pi • 

CO 

— X < 

l 

— X < 

— Pi 

0 ^ 

- Pj ■ 

^ Pi < 

— X < 

^3 

— Pi < 

— Pj 


called ladders, with the following properties: 

(i) Each column gives the hrst two terms of a projective resolution of PiJ^ and 

(ii) The mapping cone of each commutative square * gives the hrst three terms of a 
minimal projective resolution of semisimple ]^’’-modules. 

By (i), the Loewy series of Pi is {PiJ^/PiJP^^)k>o = {Si, Sj, Sf, Sj, Si), and that of 
P, is (P,4/P,4 +')a:>0 = {Sj, S„ S], S„ S,)M 

Lemma 6.11 For S ;= {Si, Sj} with i ^ j, put A := A/Is- Let P G modA^’’ be 
a progenerator. Define Xk,Yk G modA°^ by Xq = Yq := P, X 2 k+i ■= X 2 k +2 ■ = 

X 2 k+ilj, Y 2 k+i := Y 2 klj and Y 2 k +2 ■= Y 2 k+ili fork>0. Then we have Xm(ij) = 0 = 
and Xk 7^ 0, Xfc 7^ 0 for any k < m{i,j). 

Proof Obviously we only have to consider the case P = A. 

(i) We consider the case when the quiver of A has no loop. In this case, we can easily 
check the assertion by using 6.10(2). For example, the calculation of Xk and Yk for the 

i (2 1) i . 

case •-• IS as follows: 

Xo = A = /j i D Xi = j j i 0X2= i 0X3= D X4 = 0 

. * i J L * t J L * t J i ^ . 

Yo = A= /j i D Xi = /j i Y>Y 2 = 33 0X3= D X4 = 0 

_ * i J L * t J L * t J L * . 

Thus the assertion follows. One can check the other cases similarly. 

(ii) We consider the case (4*-•• follows from 6.10(1) that A/fi has length 2. 

Thus the composition factors of Pi/PJi are two copies of Si. Since A is selhnjective. 
Pi contains a submodule X whose composition factors are two copies of Si. Then X is 
contained in PJi, and the composition factors of PJi/X are two copies of Sj. Thus we 
can calculate Mi as follows: 

Xo = A= * DXi 

. * 3 . 

Xo = A= \ DXi 

. * 3 . 

Thus the assertion follows. We can treat the case •-similarly.! 

The following result is crucial for well-dehned action of the affine Weyl and braid groups. 

Proposition 6.12 Let i ^ j be distinct vertices in A, 

(1) = T holds for any T G tilti A. 


= I ^X2= i \ DX3= DX4 = 0 

. i i J L * i J Lx 

= ii i DY2= DYs= i dY^ = 0 

i j % j I 
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(2) tilti A has a subquiver 


V—^^ 


i or j j or i tt 

-- >U. 



with two paths of length rn{i,j) such that T is one of these vertices. 

L L L L 

(3) We have an equality li Ij h Ij ®a ■ ■ ■ = liljljj ■ ■ ■ = A(1 — Ci — e^jA = 

L L L L 

Ijliljli ■ ■ ■ = Ij ®A li ®A Ij ®A li ® A ■ • •, where each derived tensor product and product of 
ideals contains exactly m{i, j) terms. 

Proof Put S := {Si, S'j}, and consider U and V as defined in 6.7. Then P := V/U 
is a progenerator of A//s by 6.7(5). Consider the sequences (Xq, Xi, • • •, and 

(Yo,Yi, ■ ■ ■ in 6.11. Then the preimage of these sequences under the natural 

surjection V ^ P = V/U coincides with the sequences (V, ...) and 

(P^A ■ ■ ■)• Since X^qj) = 0 = Ym(i,j) holds, we have = U = 

where both SiSjSi ■ ■ ■ and SjSiSj ■ ■ ■ are products of m{i,j) simple reflections. Thus we have 
proved (2). Since T belongs to one of these sequences by 6.7(4), we obtain (1). Applying 
(2) and 6.1(2) to T := A, we have (3).l 

We can now prove most of 6.5 and 6.6. 


Proof of 6.5(1) and 6.6 We first show 6.5(1). By 6.8 and 6.12, W acts on tilti A. 
By 6.2, the action is transitive. For freeness of the action, it is enough to prove 6.6(1) since 
the geometric representation a* : W ^ GL(P*) is injective. 


6.6(2) follows from 6.12(3). We will show 6.6(1). First we show that [A ®a —] corre- 

L L 

sponds to a*. If i j, then = [liej] = [Pj]. Let us calculate [/j®A-Pj] = [/jCj]. 

If the quiver of A has no loop at the vertex i, then we have a minimal projective res¬ 
olution 0 — Pi ^ Si ^ 0 with Imfi = Acj. Thus we have 
[IjCj] = [Pi] + ^iA^j]- Assume that the quiver of A has a loop at the vertex i. In this 

case, the composition factors of Pi/IiCi are two copies of Si by 6.10(1). Since we have a 
minimal projective resolution 0 — Pj — Pj © (0jyj Pj'*’'"^^) — P* —S'j — 0 by our defini¬ 
tion ofwe have [lief] = [Pi]-2[S'i] = [P^]-2([PJ/i:*j[Pi]/2) = [Pi]+YA=iKAPj\- 


Thus [li ©A —] corresponds to a*. 


Now take any w = Sai ■ ■ ■ Sa^. G IP. Then A^ = ifA ©a • • • ®a I/A for := RHomAop(J q,, A). 

Since ©a -] = [Li ®a -] by (a* A = ly*, we have that [A’" ©a -] = [Li ® a -] ■ ■ ■ [L,, ®a -] 
corresponds to Thus 6.6(1) follows.l 


It remains to prove 6.5(2). For this, we need the following lemma. For simplicity, we 
write T L U if there is an arrow T -V U or T L U in tilti A. For w G IP, we denote by 
k{w) the length of the shortest path in tilti A from A to A^. 


Lemma 6.13 Letw,w' G IP. 

(1) There is an arrow hP' L hP in tilti A if and only if w = w'si. 
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(2) There is a subquiver A = Tq ^ Ti ^ ^ Tk = in tilti A if and only if 

w = Sai--- Sa^ holds. 

(3) Any path in tilti A from A to A"' has length k{w). 

(4) A^ < A"' in tilti A if and only if there exists a path in tilti A from A"' to A"' . 

(5) If there is an arrow A"' —A"' in tilti A, then k(w') = k(w) + 1. 

(6) k{w) = l{w). 

(1) There is a subquiver A = Tq Ti ^ ^ T^ = in tilti A if and only if 

w = ■ ■ ■ Sap. is o reduced expression of w. 

Proof (1)(2) Immediate from 6.5(1). 

(3) We use induction on k{w). If k{w) = 0, then w = 1, and there is no non-trivial path 
in tilti A from A to A. Assume that the assertion is true for any w E W with k{w) < k. 
Fix w E W with k{w) = k. Take a path A A"' of length k, and an arbitrary path 

A ^ A"' of length /. We will show / = k. By 6.12, tilti A has a subquiver 


o-k or fcj, . Qfc , ^wakh fej , ^wak Qfc , 


h _ ^pwhak _ 



consisting of two paths of length m := m{ak, hi). Since there is a path A 
of length /c — 1, any path from A to A"'“'' has length /c — 1 by the inductive assumption. 
In particular, we have k{y) = k — m. Since we have k{wbi) < k{v) + m — 1 = k — 1 and 

k{wbi) > k(w) — 1 = A; — 1, we have k(wbi) = k — 1. Since we have a path A A"'^* 

of length / — 1, we have / — 1 = /c — 1 by the inductive assumption again. Thus I = k. 

(4) The ‘if’ part is obvious. We show the ‘only if’ part. By 5.3(1)(ii), we have a path 

■ ■ ■ —> Ti —To = A^' such that A^ < Tj for any i. We have A"’ = for some k by (3). 

(5) Immediate from (3). 

(6) By (2), any path from A to A^ gives a presentation of w. Thus we have k{w) > l{w). 

Take a presentation tc = ■ ■ ■ Sai with I = l{w). By (2) again, there exists a subquiver 

A = To ^ ^ T; = A"’ in tilti A. This implies k{w) < I by (5). 

(7) Immediate from (2)(5) and (6).I 

We are now in the position to hnish the proof of 6.5. 

Proof of 6.5(2) We hrst show (ii). By 6.13(1)(5) and (6), there is an arrow A"’' A A^ 
in tilti A if and only if tc = w'si and l{w') < l{w). This implies that the Basse quiver of 
tilti A and that of the poset W with the right order coincide. It follows from 6.13(4) that 
(ii) holds. One can show (hi) by a dual argument. 

We now show (i) and (iv). Assume w' < w. Take a reduced expression w = Sa^ ■ ■ ■ Sa^. 
Then A^ = /„! ■ ■ ■ holds by 6.13(7). Since w' = ■ ■ ■ Sai^ holds for some 1 < ii < 

■ ■ ■ < iq < k, we have A"’' D ■ Thus A’"' 3 A’" holds. 

Conversely, assume A^' 3 A"’. Using induction on length(A/A"’)A, we will show w' < w. 
Fix Si E soc(A/A"’)a, so we have wsi < w. If A’" 3 A"’^% then we have w' < wsi < w 
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inductively. If then Si G soc(A/A^')a holds, and we have 


^'Si ^ ^WSi 

u u 

pw' 3 pw 


Inductively, we have w'si < wsi. Applying [Hu;5.9] to w'si and wsi, either w' < wsi or 
w' <w holds. In any case, we have w' < w. Thus we have shown (i).l 

The derived Pieard group DPicA;(A) of A was introduced by Yekutieli [Ye2] (see also 
[RZ][MY]). The elements of DPicA;(A) are isoclasses of two-sided tilting complexes T G 

L 

T>“(modA 0 /? A°P), and the multiplication of T and T' is given by T ®aT'. Then the 
inverse of T is given by RIIomA(T, A) ~ RHomAop(T, A). We have a group homomor¬ 
phism from DPicA;(A) to the group Auteqjj('D'^(mod A)) of autoequivalences of 'D'^(modA) 

L 

dehned by T i—>• (T( 8 )a —)• When A is 2-CY, we have the elements R, • • •, /„ of DPici{(A) 
which satisfy the braid relations by 6.12(3). Inspired by study in algebraic geometry (e.g. 
[B0][Bri4][IU]), we have the following natural questions. 

Questions (1) Do Ji, • • •, /„ together with the shift [1] and the outer automorphism 
group OutR(A) of A generate DPicA;(A)? 

(2) Is DPicR(A) isomorphic to {B XI Out/j(A)) x Z for the affine braid group B and the 
group Z generated by [1]? 

(3) Is the homomorphism DPicij(A) —Auteq^(T)’^(mod A)) an isomorphism? 

Now we consider the case A = S' * G for Y = iP[[a;,|/]] for a held K of character¬ 
istic 0 and a hnite subgroup G of SL 2 (iP). In this case, there is a triangle equivalence 
{McKay correspondence) between T)’^(modA) and T)’^(CohX) for a minimal resolution X 
of the singularity SpecS"^ [KV]. When G is cyclic, Ishii-Uehara [lU] determined genera¬ 
tors of the subgroup Auteq^^('D’’(CohX)) consisting of Fourier-Mukai transformations. 
Consequently, the hrst question should have a positive answer for this case. 


We end this section by showing that the spherical objects introduced by Seidel-Thomas 
[ST] give rise to tilting complexes, and hence to autoequivalences of T>’’(mod A). We assume 
that A is a projective i?-module and gl.dimA < oo. We call S G D’’(modA) n-spherical 
{n > 0 ) if the following conditions ( 1 ) and ( 2 ) are satished. 

(1) E := Endx)(ModA)(5') is a division algebra, 

(2) dimEHomi,|M„dA)(S,S|i]) = | J Xhe)!jiX’ 

It follows from a result of Keller [Kl,2] that condition (2) implies that S comes from 
an object in 'D’^(modA Let us recall the dehnition due to Seidel and Thomas 

[ST] of autoequivalences of T>'^(modA) called twist functors. We treat here only dual twist 
functors. To obtain functoriality, we hrst construct a functor : /C''’(pr A) —/C''’(modA). 
For P G /C'^(pr A), put 


Ts{P) := {P ^ Hom^op(Hom;(P, S), S)). 


where ep is the evaluation map, and Ts{P) is dehned as mapping cones such that P is in 
degree 0. Composing T 5 with natural functors 'D'^(modA) X /C'^(pr A) and /C''’(modA) — 
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P'=’(modA), we obtain an autoequivalence on 'D'^(niodA) [ST], Note that and T 5 / 
are isomorphic if S and S' are quasi-isomorphic objects in /C’’(mod A 

Theorem 6.14 For any n-spherical object S G 'D’’(modA), T := T 5 '(A) is a two-sided 

L 

tilting complex of A and there is an isomorphism T 5 ~ (T —) of functors on ©“(mod A). 

Proof By dehnition, we have T = (A Homgop(5', 5')). Since S' is a complex 
of (A, ©)-modules, ca is a chain homomorphism of complexes of (A, A)-modules. Thus T 
is a complex of (A, A)-modules. Since T 5 is an autoequivalence, T is a two-sided tilting 

complex of A. Now, applying (— P) for any P G /C’’(pr A), we have T P = {P 
Homgop(S', S) ®A P)- We have natural isomorphisms 

Hom^op (5, S)^\P = S(S)*E Hom^op (S, E) P 
= S Hom^op(Hom* (P, 5), A) = Hom^op(Hom* (P, S), S), 

and one can easily check that the diagram 


T^IP: 

Hom^op(5,5)XlP 


II i 1 

T5(P) : 

P — — —>Homgop(HomA(P, S), S) 


of complexes of A-modules commutes. Thus we have a functorial isomorphism T (X* P ~ 
Ts{P) on /C'^(pr A).l 

7. 3-Calabi-Yau algebras and cluster algebras 

Cluster algebras (with ‘no coefficients’ and in the skew-symmetric case) are completely 
determined by a hnite quiver with no loops or 2-cycles. We show that for quivers of 3- 
CY algebras A, tilting theory (with tilting modules of projective dimension at most one, 
which we assume here) is a nice framework for modelling some of the ingredients in the 
dehnition of the corresponding cluster algebra. This motivates a closer investigation of 
tilting modules over 3-CY algebras, which we have already started in previous sections. 

Let B = (bij) be an n X n skew-symmetric matix with integer entries. The Fomin- 
Zelevinsky mutation Hk S k < n) is dehned by fJ,k{B) = (feC), where 

_ J -bij iii = k or j = k 

~ \ bij + otherwise. 

Then fik{B) is skew-symmetric again and satishes p,k{p>k{B)) = B. We identify B with 
the quiver Q with vertices {1, 2, • • •, n} and bij arrows from i to j if bij > 0. In this way 
we have a one-one correspondence between skew-symmetric matix with integer entries and 
hnite quivers with no loops or 2-cycles. Thus for a quiver Q with no loops or 2-cycles, 
the Fomin-Zelevinsky mutation fik{Q), which is again a quiver with no loops or 2-cycles, 
is dehned. 

Let P be a 3-dimensional complete local Gorenstein ring with an algebraically closed 
residue held and A a basic module-hnite P-algebra which is 3-CY. The valued quiver of 
A can be regarded as a (non-valued) quiver. We hrst show that when the quiver of A 
has no loops or 2-cycles, we can interpret the Fomin-Zelevinsky mutation of the quiver 


36 



via endomorphism rings T of the non-projective completions of almost complete projective 
tilting modules. The situation is especially nice if the quiver of T also has no loops or 

2- cycles, so that the procedure can be repeated. We do not know if this is the case in 
general. But we give examples of where any successive application of our mutation of A 
will give algebras with quivers having no loops or 2-cycles. We also show that all algebras 
obtained from A via a sequence of mutations can be constructed from a tilting A-module, 
even in the case when the quiver of A has loops and/or 2-cycles (see 7.3(2)). If there are 
no loops or 2-cycles, it is given by a reflexive tilting A-module (see 7.3(4)). Such a result 
is of interest for the connection with cluster algebras. 

Write A = 0)Li and let := Denote by the unique 

indecomposable A-module such that Uk{^) = © P*-^^ is a tilting module. We put 

/ifc(A) := EndA(z/fc(A)), which is a 3-CY algebra again by 3.1(1). Assume that the quiver 
Qa of with vertices 1, • • • ,n, has no loops or 2-cycles. The aim of this section is to 
use tilting theory to obtain a module theoretical interpretation of the Fomin-Zelevinsky 
mutation of Qa at the vertex k. We shall compare Hk^Qh) with 

Recall that for each i we have a minimal projective resolution 

Q_j. ph) 7^"/ ph) j.ph) ph)_j. 5'© _j. Q 

of the simple A-module (4.3), and P*^4 ;= Ker^fW, quiver Qa is determined by 
the maps > P*^*/ Since by assumption there are no loops, or equivalently. Si is 

3- spherical, then Pi'^ is in addQ^*^. Further /W : P*^4 p© jg ^ minimal left (addQ*-*^)- 
approximation, and hence gives rise to the arrows in Qa starting at i. Since there are 
no 2-cycles, P 2 and Pi'* have no common indecomposable direct summand. Let bij be 
the number of arrows from i to j if there are arrows from i to j, and otherwise minus the 
number of arrows from j to i. Then if bij > 0, it is the multiplicity of P*^7) ^g ^ summand of 
Pi^\ or equivalently, the multiplicity of P*-*^ in P^^'*■ Our hrst goal is to prove the following, 
which is one of the main results of this section. 

Theorem 7.1 Let K he a basie 3-CY algebra. Assume the quiver Qa of A has no loops 
or 2-cyeles. Then fikiQA) is obtained from Q^j.(a) by removing all 2-cyeles. 

Proof Let B = { bij ) be the skew symmetric matrix given by the quiver Qa and 
B ' = {b'ij) := /ifc(P). Put T := z/fc(A) and T ;= /ifc(A) = EndA(T). Let B " = (6") be the 
matrix corresponding to Qp; after we have removed all 2-cycles. Then we want to show 
that h[j = b'lj. To avoid confusion we denote the vertex in Qp corresponding to k by k, 
and the same for the matrix B '. 

In order to compare the quivers Qa and Qp, we need to consider (minimal) projective 
resolutions of simple T-modules and their relationship to the corresponding resolutions of 
simple A-modules. We divide up into different cases. 

Case 1 Assume that i = k. We want to show that bjf. = —bjk and bf.j = —bkj. We 
have exact sequences 

0 ^ {T,P(C) {T,P^'"'*) (T,PW) ^ SW ^ 0, 

0 ^ (T, P(D) ^ (T, Pf^^) (T, P(C) Exti(T, P©)). 
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Since Exti(T,P(^)) = 0, we have an exact sequence of A-modules 

0 ^ (T,pW) ^ ^ ^ 0. 

Since and are in addQ^^^ and hence in addT, and (T, P^^^) and (T, P 2 ^^) have 
no common indecomposable direct summands, we have a minimal projective resolution of 
the F-module S^'^\ 

We want to show that is a simple F-module, or equivalently, that there is no loop in 
Qy at the vertex k. For this we need to show that any non-isomorphic map a : P^^^ 

factors through an object in addQ^^^- So consider the commutative diagram 

h _ ^p(k) , p(k) 

h _A) _PfL^p(k) 


0- 

0- 


Here b and c exist by 4.3(5) and (1). If c is an isomorphism, then b is also an isomorphism 
since is right minimal. Hence we get the contradiction that a is an isomorphism. Since 
c is not an isomorphism, c factors through It is then easy to see that a factors through 
h, where P]-^^ is in addQ*-^^- Hence there is no loop at k. 

We now compare the projective resolutions of and Since P]-^^ and P^^'^ have no 
common indecomposable direct summands, the same is the case for (T, P^^^) and (T, P^'^). 
Hence we have feP = —bjk = b'p and = —bkj = b'^^ 

Case 2 Assume now that i k and Pk > 0, and consider bij for j k. Then 
P 2 *^ G addQ*-^^ and the multiplicity of P^^"> in Pi^ is m := bik because there are no cycles 

of length 2 in by assumption. Decompose Pi^ = p[*^ © (p(Dj™- ^ith p[*^ G addQ^^^- 
We can take a commutative diagram 


> ph) 

i 

>(p(D)>' 


ad) 


Pr 


(*) 




>iPl 


i 

{k).m(fPr 


(^pik)y 


f(i) 


>ph) 


of exact sequences. This gives rise to the commutative diagram 

0—^ (T,pW) -> (ppi*^) ->(r,pf^ © -^(T,p(*))-—^0 

i i 

0— >{T,{P^^'>)^) ->(T,(pf^)™)-> (r,(pW)”^) -^ 0 


of exact sequences. Taking the mapping cone, we get a projective resolution 

0 ^ (T,pW) ^ {T,p^^) © (r,p(*^))”^ ^ (pp?) © {T,P^^^)^ (T,p(*)) ^ ^ 0. 

We now compare the minimal projective resolutions for and S^'^\ to see the change 
in quivers when passing from fo Qr, for arrows starting or ending at i. Consider now 
b'k with j 7 ^ k. When passing from bij to b'k, we see that we get something extra if and 
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only if G addP^^^ which is equivalent to bkj > 0. Then we get b'b = btj + bkjm = 
bij + bikbkj = b[y And if bkj < 0, we see that b'b = by. Hence we see that b'b = b'y for any 

j 7 ^ k. 

Case 3 Assume now that i k and bit < 0. We can show b'k = fed for any j khy 
a dual argument to Case 2.1 

In order to continue the process, it is of interest to know if the new quiver Qp also 
has no 2-cycles. Note that we have seen that it has no loops. We do not know if this is 
true in general, but we show that if A = S' * G where S = A'[[a;, y, 2:]], G C 813(7^) is 
given by G = (diag(c(;, a;, a;)) with a primitive third root uj of 1, then all iterations of the 
process in 7.1 give 3-CY algebras whose quivers have no loops. This is a consequence of the 
following proposition, where we call a ring A completely graded if A is a direct product (!) 
A = riieZ satisfying AjAj C Aj+j, and a A-module M completely graded if M is a direct 
product M = riieZ satisfying AiMj C Mj+j. We denote by grmodA the category of 
completely graded A-modules. 

Proposition 7.2 Let A he a 3-CY algebra satisfying the conditions (1) and (2) below. 

(1) A is a completely graded ring A = nj>o^i with Jacobson radical Ja = nj>o^i- 

(2) A = 0jgZ/3Z-P^*^ simple A-module S*^*^ := (P*'*^)o has a projective resolu¬ 
tion 0 —p(*+i)(— 2)^i+2 —i. p(*+2)(^_X)^i+i ^ ph) —i. S’!*) Q ill grmodA. 

Fix k G and put T := /ifc(A). Then T satisfies the same conditions as A. Precisely 
speaking, we introduce a degree on := such that the natural inclusion P*^^^ — 

('p(fc+2)^bfc+i ^ morphism in grmodA. Put pJ+L ■= p{k+ 2 ) ._ 

T := 0igZ/3Z^ grmodA. Then the assertions (1) and (2) below hold. 

p) T is a completely graded ring T = nj>o HomgrmodA(P, P(j)) with Jacobson radical 
Jr = nj>oHomgrmodA(P,P(j)). 

(2) r = 0ieZ/3z(^) o.'iT'd each simple T-module := HomA(T, pW)o has projec¬ 
tive resolution 0 ^ (T,P«)(-3) ^ (T,p(*+2))(-2)''*+i ^ (T,p(*+i))(-l)^i+2 ^ (T,P«) ^ 

^0 in grmodA for b'^. := bk+ibk +2 - bk, := bk+i and := h+ 2 - 

Proof We can prove the assertion by taking care of degree in the proof of 7.1. 

Case 1 We have exact sequences 

0 ^ p(^)(_l) ^ p(fc+2)('_x)f'fc+i ^ p(fc) ^ g{k) Q 

0 ^ pW(-3) ^ p(fc+i)(_2)'>fc+2 ^ pW(-l) ^ 0 

in grmodA. Applying HomA(T, —) and the same argument as in Case 1 in the proof of 
7.1, we obtain a minimal projective resolution 

0 ^ (r,p(^))(-3) ^ (pp(^+2))(_2)^fc+i ^ (p^p(fc+i))(_i)bfc+2 ^ (ppW) ^ 5(fc) ^ 0 
of in grmod T. 

Case 2 We consider the minimal projective resolution of the simple T-module 
We have a commutative diagram 

Q > p(fc+l)(^_3^ _> p{k+2)^_2fik _ ^pO (^_lfik+2 _ ypik+l) 

I II 

Q ypO (^_2fik+2 _ ypik+2) ^_2fik+lbk+2 _ ^piP (^_lfik+2 
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of exact sequences. We can choose / to be a morphism in grmodA. Putting X := 
l^p(k+ 2 )^bk Y i^p(k+ 2 )^bk+ibk +2 lookiug at the degree two part, we have a com¬ 
mutative diagram 

p^k+l) ^ Q- 

II 

Fo-,(pW)fefc+2 

of exact sequences. Thus /o : Xq —Fq is a monomorphism between semisimple A-modules 
because Ja = ni>o^* by our assumption. We can take g G HomgrmodA(h^, W) such that 
fogo = Ixo- Then fg — lE EndgrmodA(W) satishes Xq C Ker(/5f —1). Since X is generated 
by Xq, we obtain fg — 1 = 0. Thus / is a split monomorphism 

Consequently, taking a mapping cone as in Case 2 in the proof of 7.1 and cancelling a 
trivial direct summand of the complex, we have a complex 


Q _J. _J. p(fc)^_2)^fc+2 p(*:+2)^_2^^fc+Ffe+2-^fc _j. p{k+l) 


in grmodA, which induces a projective resolution 

0 ^ (T,p(^+b)(-3) ^ (T,p(^i)(-2)'’^+2 ^ (T,p('=+2))(-l)^fc ^ (T,p(^+b) ^ ^(^+1) ^ 0 


of in grmodT. 

Case 3 A dual argument works for 


Now we consider all iterations of S' * G for G = (diag(cc;, cn, cn)) C SL3(P) with = 1. 


a/ \c a/ \ab — c 

The Fomin-Zelevinsky mutation of the quiver ^ b 7, at the vertex k is ^ b \ , where a, b, 

c and ab — c show the numbers of arrow. The quiver of S* G is the McKay quiver / 7, of 
G (see section 3), and we draw quivers of 3-CY algebras obtained by iterated mutations. 
It is the picture below, where each quiver has precisely three neighbours. One can check 
inductively that each triple (a, b, c) satishes the Markov equation = abc. All 

integral solutions of the Markov equation appear in the picture below because it is known 
that the Fomin-Zelevinky mutation rule (a, b, c) i—> (a, b, ab — c) in this case gives all of 
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them. 



The above picture gives the Hasse graph of tilti(5' * G) (see 7.3(1) below). We note 
that a similar picture appeared in the classihcation of exceptional vector bundles over 
due to Gorodentsev-Rudakov [GR][Rud]. It also appeared in recent work of Bridgeland 
[Bri2,3] on t-structures on the derived category of the total space of the canonical line 
bundle C)p2(—3) on P^. 

Now we consider other 3-GY algebras S*G for G = (diag(C, C^)) Y 813(77) with = 
1. We draw a few quivers of 3-GY algebras obtained by iterated mutations. Unfortunately 
we do not know whether they coincide with mutations of algebras. 



Motivated by the connection with cluster algebras, we would like to view the tilting 
modules as analogs to clusters, and hence we want to show that any 3-GY algebra T 
obtained via a sequence of mutations from a 3-GY algebra A can be obtained directly 
as the endomorphism ring of a tilting A-module. We already know from section 5 that 
if T = 0”=]^ Ti is a basic tilting A-module, with the Ti indecomposable, then there is 
for each k = a unique indecomposable A-module T). with T). 9^ T^. such that 

^k(T) := (0j^fc Ti) © Tfc is a tilting module, and we have also given an explicit description 
ofz/fc(T). 
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We now point out the relationship between mutation of algebras and of tilting modules 
in part (1) of the next result. Part (3) is analogous to a basic property of the Fomin- 
Zelevinsky mutation. We know that all algebras obtained from a 3-CY algebra A by 
successive applications of mutations are derived equivalent, and hence by [Ril] can be 
obtained from A as an endomorphism ring of a tilting complex. But we have a better 
result (2) saying that if F is obtained from A by a sequence of our special tilting modules, 
then it can be obtained directly with one tilting module. A more general version of part 
(4) (including an alternative approach) is given in the next section 8.11(3). 

Proposition 7.3 Let A be basic 3-CY. 

(1) /ifc(EndA(T)) = EndA(t'A:(R)) for any tilting A-module T. 

(^) Afcru ° ° Afci(A) = EndA(z^fc^ o ■ ■ ■ o z/fc^(A)) for any /ci, • • •, km- 

(3) fik{Lk{A))) = A. 

(4) Assume in (2) that the quivers of Ai := ■ ■°Afci(^) have no loops for any i (0 < 

i <m). Then ■ ■oz/fcj(A) is reflexive and isomorphic to ■ ■ -^A^.i^m)** 

forTi := z/fc.(Ai_i). 

Proof (1) follows from 5.6(6). Using (1) repeatedly, we have (2). We obtain (3) by 
/ifc(p.fc(A)) = EndA(t'A:(^fc(A)) = EndA(A) = A. We obtain (4) by using 5.6(5) repeatedly.l 

In addition to considering, for some hxed 3-CY algebra A, the tilting modules to be the 
analogs of the clusters and the indecomposable partial tilting modules M as the analogs 
of the cluster variables, we also have an interpretation of the exchange multiplication 
rule. Let T = 0(Li Ti be a tilting module, and assume that T is connected with the 
cluster X = {xi, • • •, Xn} in such a way that the Tj are associated with the cluster variables 
Xi- (If we start by hxing a correspondence u = {ui, ■ ■ ■ ,Un} ^ A = 0(Li Qi: we reach 
A' = EndA(T) by a sequence of mutations. We choose x = {xi ■ ■ •, Xn} to be the cluster 
obtained by the same sequence of mutations applied to m = {mi, •••,«„}. This is the 
procedure used in [BMR2] in the context of cluster categories. For T = T/T^, we have the 
minimal right and left addT-approximations B ^ and Bf with B = 0j^fcTP 

and B' = 0*^^ Tfl, where rj > 0 and Sj > 0. We then have ■ fk = I\ Tfl + 0 Tfl. 

As we asked in section 5, it would be interesting to know if every tilting module T can be 
obtained from the tilting module A over a 3-CY algebra A by a hnite sequence of mutations, 
that is, if the Basse quiver of tilti A is connected. Another interesting problem is whether 
there is a one-one correspondence between the cluster variables and the indecomposable 
partial tilting A-modules, inducing a one-one correspondence between clusters and tilting 
modules. 

In addition to the work on cluster categories serving as a model, there is also a con¬ 
nection with the modelling of some class of cluster algebras ‘with coefficients’ by special 
modules over preprojective algebras, from [GLS]. They consider maximal rigid modules M 
(see section 8 for dehnition) over a preprojective algebra A of a Dynkin diagram. For the 
case of A being of hnite representation type, the stable category mod A is actually equiva¬ 
lent to a cluster category [BMRRT], and the maximal rigid modules are closely related to 
the cluster-tilting objects, as well as coinciding with the maximal 1-orthogonal modules of 
[13,4]. Here EndA(Af) has global dimension 3, and the tilting theory over this algebra is 
relevant. These algebras are sort of a degenerate version of 3-CY algebras. The relation- 
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ship is similar to the relationship between the invariant ring and the skew group ring 
S * G where S = K[[xi, ■ ■ ■, a;„]] and G is a finite subgroup of SL^i^k). 

8. Non-commutative crepant resolutions 

In this section we improve results on tilting modules for 3-CY algebras from section 7. 
We show that if we can pass from A to A' by taking the endomorphism algebra of a tilting 
module, and the same way from A' to A", then we can also pass directly from A to A" 
in this way. For this, constructing new tilting modules from old ones via homomorphism 
spaces and tensor products is crucial. Actually, we work in a more general context, investi¬ 
gating the non-commutative crepant resolutions (NCCR) of Van den Bergh, extending his 
definition to non-commutative algebras. For 3-CY algebras there turns out to be a close 
relationship to reflexive tilting modules. A main result is the solution of a conjecture of 
Van den Bergh on derived equivalence of NCCR for 3-dimensional algebras. 

Throughout this section, let i? be a normal Gorenstein domain with dim R = d and A a 
module-finite R-algebra such that the structure morphism i? —A is injective. Generalizing 
the following definition of Van den Bergh [Val,2], we say that M gives a non-commutative 
crepant resolution (NCCR for short) F := EndA(M) of A if 

(1) M G ref A is a height one generator (2.4) of A, and 

(2) Fp is an Rp-order (in the sense of section 2) with gl.dim Fp = ht p for any p G Spec R. 

Obviously, one can replace SpecR by MaxR in condition (2). If F is d-CY, then 

condition (2) is satisfied by 3.2. 

In [Val,2], Van den Bergh gave a non-commutative analogue of a conjecture of Bondal- 
Orlov [BO]: All NCCR of a normal Corenstein domain A are derived equivalent. In fact, 
he proved this conjecture for 3-dimensional terminal singularities A. In this section, using 
a method from [14], we show that his conjecture is true for arbitrary 3-dimensional module- 
finite algebras. In the original definition in [Val,2], the height one generator condition is 
not assumed. If A is a normal domain, then any non-zero reflexive A-module is a height 
one generator. Thus our definition coincides with the original one in this case. For the non- 
commutative situation, if we drop the height one generator condition, then A ^ ^ ^ 

with R := K[[x,y,z]] has NCCR A = EndA(A) and R = EndA(( r )), and A and R are 
not derived equivalent. Thus the height one generator condition seems to be appropriate 
for our considerations. 

For NCCR it would be interesting to know for which R-algebras A they exist, what 
the relationship is with A when they exist, and what the connection is between different 
NCCR of the same algebra A. Also, it would be nice to describe the A-modules giving rise 
to some NCCR. Some such questions will be investigated along the way. 

We start with some easy properties of NCCR, which will be useful later. In particular, 
reflexive equivalences play a crucial role. 

Proposition 8.1 We have the following for a module-finite R-algebra A. 

(1) Assume that M G ref A gives a NCCR of A. 

(i) Mp G ref Ap gives a NCCR of Ap for any p G SpecR. 

(a) Ap is an Rp-order with gl.dim Ap = 1 for any p G SpecR with htp = 1. 

(Hi) M is a height one progenerator of A, and we have a reflexive equivalence F : = 
HomA(M, —) : ref A —ref EndA(M). 


43 



(2) Let F : ref A —refF he any reflexive equivalence. Then G ref A gives a NCCR 
of A if and only if¥{N) G refF gives a NCCR ofV. 

Proof (l)(i) Obvious from the definition of NCCR. 

(ii) Assume that M gives a NCCR F = EndA(Af). Since Mp is a generator for Ap, 
there exists an idempotent e in Mn(Fp) for some n such that Ap is Morita equivalent to 
eMn(Fp)e. Since Mn(Fp) is an Rp-order with gl.dimMn(Fp) = 1, we have that Ap is an 
Rp-order with gl.dimAp = 1 by taking completion and using 3.12(3). 

(hi) Fix any p G SpecR with htp = 1. By (ii), we have gl.dimAp = 1. Since Mp is a 
torsionfree Rp-module, Mp is a projective Ap-module. Thus the assertion follows by 2.4. 

(2) Since EndA(A^) = Endr(F(A^)) holds, we only have to show that is a height 
one generator of A if and only if F(A^) is a height one generator of F. Fix p G SpecR 
with htp = 1. Then F induces an equivalence Fp : ref Ap —refFp by 2.4(2). Since 
gl.dimAp = gl.dimFp = 1 by (l)(ii), Np is a generator if and only if ref Ap = add A^p if and 
only if refFp = addFp(A^p) if and only if Fp(A^p) is a generator. Thus the assertion follows.l 

We note here the following necessary (and sufficient for d < 2) conditions for A to have 
some NCCR even though we do not use it in the rest of this paper. 

Proposition 8.2 If A has a NCCR, then (1) and (2) hold. The converse holds if d < 2. 

(1) Ap is an Rp-order with gl.dimAp = htp for any p G SpecR with htp < 1. 

(2) There exists M G ref A such that ref Ap = addMp for any p G Spec R with ht p = 2. 
In particular, Ap is representation-finite. 

Proof (1) follows from 8.1(l)(ii). Since Fp is a NCCR of Ap by 8.1(l)(i), we have a 
reflexive equivalence HomAp(Mp,—) : refAp ^ refFp by 8.1(l)(iii). Since gl.dimFp = 2, 
refFp consists of projective Fp-modules. Thus refAp = addMp. 

We now show the converse if d < 2. If d < 1, then A itself gives a NCCR. If d = 2, then 
we take M in (2). Since ref Ap is closed under kernels, we have that gl.dim EndAp(Mp) = 2 
[Al]. Thus M gives a NCCR of A.I 

For algebras which are d-CY“ or d-CY, we have some nice properties. 

Proposition 8.3 (1) If a n-CY~ algebra A has a NCCR, then htp = n and Ap is a 
symmetric Rp-order for any p G MaxR. 

(2) Any NCCR of a d-CY~ algebra A is d-CY. 

(3) Any reflexive tilting module over a d-CY algebra A gives a NCCR. 

Proof (1) Since R is domain and ref A is non-empty, we have 0 G Supp rA. Thus the 
structure morphism R —A is injective. Now the assertion follows from 3.1(3) and 3.2. 

(2) Let F be a NCCR of A. Fix p G MaxR. Since Fp is reflexive equivalent to a 
symmetric Rp-order Ap by (1) and 8.1(l)(iii), it is a symmetric Rp-order with gl.dimFp = 
ht p by 2.4. Thus F is d-CY. 

(3) Let T be a reflexive tilting A-module with F := EndA(T). Then F is also d-CY by 
3.1(1). Thus Fp is an Rp-order with gl.dimFp = htp for any p G MaxR by 3.2. We only 
have to show that T is a height one generator of A. For any p G Spec R with ht p = 1, we 
have depth/jpTp = 1 and gl.dimAp = 1. Thus Tp is a projective tilting Ap-module by 2.3 
and 2.7. Hence it is a generator.! 
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In the rest of this section, we assume d < 3. First we consider the relationship between 
reflexive tilting modules and tilting modules of projective dimension at most one over a 
3-CY algebra A. 

Proposition 8.4 (1) Assume that dimi? < 3 and Ap is an Rp-order with gl.dimAp = 
ht p for any p G Spec R. 

(i) Any M G ref A satisfies pd aM < 1 . 

(a) Any reflexive tilting A-module has projective dimension at most one. Conversely, 
if Ap is Morita equivalent to a local ring for any p G Speci? with htp < 2, then any tilting 
A-module of projective dimension at most one is reflexive. 

(2) We use the notation in S.lj. Then R := is an isolated singularity if and only if 
G acts freely on In this case, reflexive tilting modules over A := S *G are exactly 

tilting A-module of projective dimension at most one. 

Proof (l)(i) For any p G Spec R, we have depth RpMp > min{2, ht p} and gl.dimAp = 
htp. Thus pdApTfp < 1 by 2.3, and we have pdATf < 1. 

(ii) Let T be a tilting A-module with pdA^ < 1. For any p G Spec/?, it follows from 
2.7 that Tp is a tilting Ap-module. If htp = 3, then we have depthi^pTp > 2 by 2.3. Now 
assume htp < 2. Since Ap is Morita equivalent to a local ring, any tilting Ap-module 
is projective. Thus we have depth/?pTp > htp. Since T satisfies the S2 condition, it is 
reflexive. 

(2) For the first assertion, we refer to [IY;8.2]. Now we show the second assertion. Fix 
any p G Spec i?\ Max i?. Since S'p is a CM module over a regular local ring Rp, it is a free 
i?p-module. Thus the assertion follows from (l)(ii) since (S'*G)p = EndA;(S')p = EndA;p(S'p) 
(e.g. proof of 3.14) is Morita equivalent to i?p.l 

Now we put A := S' * G for G = (diag(l, —1, —1)). Then is not an isolated 
singularity, and A is isomorphic to a complete tensor product Kf[xfl\\®K{,K^X 2 , xf\] * H) 
for H := (diag(—1, —1)). For any T G tilti(iF[[a;2, Xs]] *H), we have K[[xi]]§)kT G tilti A. 
This is not reflexive if T is not projective. Thus A has non-reflexive tilting modules of 
projective dimension at most one. 

Recall that a module-hnite i?-algebra A is called an isolated singularity if gl.dimAp = 
htp for any p G Speci?\MaxR. To prove derived equivalence of different NCCR, we need 
an easy lemma on depth, and a relationship between depth and vanishing of Ext^ for 
isolated singularities. 

Lemma 8.5 Let R be local and 0 ^ Xt ^ Xt_i ... IA X 2 ^ Xp ^ Xq ^ 0 an 
exact sequence with Xq G flA for some t >0. //depthXj > i for any i > 0, then Xq = 0. 

Proof Put 17 := Im/i for 1 <i <t. Inductively, we will show depth 17 > i. This is 
true for i = t. Now we assume depth I7+1 > i + 1 and consider the exact sequence 0 — 
17+1 —> Xj —> 17 —> 0 with depth 17+1 >i + l and depthXj > i. Applying HomA(A/JA, —), 
we see that depth I7 > i. In particular, Xq = Yi G flA satishes depth Xq > 0, i.e. 
HomA(A/JA, Xq) = 0, and hence Xq = 0.1 

Lemma 8.6 Assume that R is local with dimi? = 3 and A is an isolated singularity. 
Let M, N G ref A. 

(1) For any p G Spec i?\ Max R, we have that Mp is a projective Ap-module. 
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(2) Ext\{M, X) (i > 0) has finite length for any X G mod A. 

(3) //depth HomA(M, A^) > 3, then N) = 0. 

Proof (1) follows from the S2 condition depth ^ipMp > min{2,htp} and 2.3. (2) 
follows from (1). Now we show (3). Consider the exact sequence 0 — QM ^ P ^ M ^ 0 
where P is projective. Then 0 —HomA(M, A^) —HomA(P, A^) —HomA(hlM, A^) — 
ExtA(M, A^) —0 is an exact sequence with depth HomA(M, N) > 3, depth HomA(P, N) > 
2 and depth HomA(hlM, A^) > 2 (e.g. 2.4(1)). Since ExtA(M, A^) has hnite length by (2), 
it follows that ExtA(M, A^) = 0 by 8.5.1 

Now we can prove the main result in this section, where we say that a T-module N is 
rigid if Extp(A^, A^) = 0. It generalizes results in [14], where T is assumed to be an order 
which is an isolated singularity and M is assumed to be a CM T-module. 

Theorem 8.7 Let R be a normal Gorenstein domain with dimi? < 3 and A a module- 
finite algebra. For Mi G ref A, put Tj := EndA(Mj) and U := HomA(Mi, M2). 

(1) If Ti is a NCCR of A and r2 is an order, then U is a reflexive rigid Ti-module with 
EndrfiU)=T2. 

(2) //Tj (i = 1,2) is a NCCR of A, then U is a reflexive tilting Ti-module with 
Endri(17) = r2. 

Proof (1) Since we have a reflexive equivalence HomA(Mi,—) : ref A —refTi by 
8.1(l)(iii), we have U G ref Ti and Endri(17) = r2. Fix p G Speci?. If htp < 2, then Up G 
ref(ri)p and gl.dim(ri)p = htp imply that Up is a projective (Tijp-module. In particular, 
we have Ext(p^)p(f/p, Cp) = 0. Now we assume htp = 3. Since depthEnd(ri)p(Cp) = 3 
and (Tijp is an isolated singularity, we have Ext(p^)p(17p, Up) = 0 by 8.6(3). Thus we have 
ExtlfiU,U) = 0. 

(2) Since U = HomAop(M2, Ml), we have Endp°p(17) = Ti and Extpop(17, f/) = 0 by (1). 
We have pdp°pf/ < 1 by 8.4(1)(i). Let d ^ Qi ^ Qq ^ U —0 be a projective resolution 
of the r2^-module U. Applying Hompop(—,f/), we have an exact sequence 0 —Ti — 
Hompop((5o, f^) —^ Hompop((5i, 17) —^ 0 of Ti-modules. Since Hompop((5j, 17) G addpiC 
holds, 17 is a tilting Ti-module.l 

As a direct consequence, we have the following desired result. 

Corollary 8.8 Let R be a normal Gorenstein domain with dimi? < 3 and A a module- 
finite algebra. 

(1) Then all NCCR of A are derived eguivalent. 

(2) Assume that R is complete local. If Mi and M 2 are A-modules giving NCCR, then 
Ml and M 2 have the same number of non-isomorphic indecomposable summands. 

Proof (1) follows directly from 8.7(2). For (2), we use that the Grothendieck group 
of EndA(Mj) has a basis consisting of isoclasses of indecomposable projective modules, and 
that derived equivalences preserve Grothendieck groups.l 

Note that 8.7 also gives a correspondence between A-modules giving rise to NCCR and 
a subset of the reflexive tilting Ti-modules. For 3-CY“ algebras we have the following 
improvement of this. 
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Theorem 8.9 Let A be 3-CY~ and M a A-module giving a NCCR V := EndA(M) and 
F ;= HomA(Af, —) : ref A —ref F the indueed reflexive eguivalenee. 

(1) gives a one-one correspondenee between A-modules giving NCCR and reflexive 
tilting T-modules. 

(2) F gives a one-one correspondence between reflexive A-modules whose endomorphism 
rings are orders and reflexive rigid V-modules. 

(3) For N G ref A, EndA(A^) is an order if and only if N is a direct summand of some 
A-module giving a NCCR. 

(4) A has a generator giving a NCCR. 

Proof (1) Since F is full and faithful, we only have to show that F gives a surjective 
map, in view of 8.7(2). Take any reflexive tilting F-module T. Choose N G ref A such that 
F{N) = T. By 8.3(2), F is 3-CY. By 8.3(3), T gives a NCCR of F. By 8.1(2), N gives a 
NCCR of A. 

(2) Since any reflexive rigid module is a direct summand of a reflexive tilting module 
by the Bongartz completion 2.8, the assertion follows by 8.7(1) and (1), and using that if 
EndA(Af) is an order and Y is a direct summand of M, then EndA(Y) is an order. 

(3) The ‘if’ part is obvious, and the ‘only if’ part follows by (1)(2) and the Bongartz 
completion 2.8. 

(4) Since EndA(A) = A is an order, the assertion follows by (3).I 

Choosing M := A in 8.9 for a 3-CY algebra, we have the following remarkable relation¬ 
ship between tilting modules and NCCR. 

Corollary 8.10 Let A be 3-CY. 

(1) A-modules giving NCCR are exactly reflexive tilting A-modules. 

(2) Reflexive A-modules whose endomorphism rings are orders are exactly reflexive rigid 
A-modules. 

(3) Let T be a reflexive tilting A-module and F := EndA(T). Then the reflexive euiva- 
lence HomA(T, —) : ref A —refF gives a one-one correspondence between reflexive tilting 
A-modules and reflexive tilting F -modules. 

The following corollary shows that reflexive tilting modules over 3-CY algebras are 
closed under taking tensor products and homomorphisms. This is a quite peculiar property 
of 3-CY algebras. Especially (3) below gives another explanation of 7.3(4). 

Corollary 8.11 Let A be 3-CY. 

(1) For any reflexive tilting A-modules Ti and T 2 and Fj := EndA(Ti), we have that 
U ;= HomA(Ti,T2) is a reflexive tilting Vi-module with Endri(C) = F2. 

(2) (—)* ~ HomA(—,A*) gives a one-one correspondence between right reflexive tilting 
modules and left reflexive tilting modules. 

(3) For any reflexive tilting N^^-module Ti and A-module T 2 and Fj := EndA(Ti); 
follows that U := (Ti C)a T 2 )** is a reflexive tilting Ti-module with Endri(C) = F2. 

Proof (1) Immediate from 8.10(3). 

(2) A* is a reflexive tilting A-module by 8.10(1). We only have to put T 2 := A* in (1). 

(3) Since (Ti (8 )a T 2 )** = HomA(T2, Tj")* holds, the assertion follows from (1) and (2).l 
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Van den Bergh raised the following question in [Va2;4.4]: If A has a NCCR, then 
does there exist a CM A-module giving a NCCR? We give a positive answer for isolated 
singularities. 

Proposition 8.12 For any 3-CY~ algebra A which is an isolated singularity, then A 
has a NCCR if and only if A has a CM generator giving a NCCR. 

Proof We only have to show the ‘only if’ part. By 8.9(4), A has a generator M 
giving a NCCR. Since A is an isolated singularity, we have M) = 0 by 8.6(3), 

in particular, Ext)\^(M, A) = 0 holds. Taking localization and applying 3.4(5)(ii), we have 
M G CM A since M is reflexive.l 

It was shown in [14] that modules giving NCCR is closed related to maximal 1- 
orthogonal modules introduced in [13]. We call M G CM A a maximal 1-orthogonal A- 
module if 

addM = {A G CMA I Ex.i\{M,X) = 0} = {A G CMA | Exti(A,M) = 0}. 

If A is an order, then any maximal 1-orthogonal A-module M satishes A © A* G add M. 
Using [I4;5.2.1] and 8.12, we immediately obtain the following result for complete regular 
local R. Later we shall show in 8.18 that this is valid for arbitrary R. 

Corollary 8.13 Let R be complete regular local and A a 3-CY~ algebra which is an 
isolated singularity. Then A has a NCCR if and only if A has a maximal 1-orthogonal 
module. 

Proof Since A is 3-CY“, we have A* ~ A as A-modules by 3.2. Now assume that 
M G CM A is a generator. It was shown in [I4;5.2.1] that M gives a NCCR of A if and 
only if M is maximal 1-orthogonal. Thus the assertion follows from 8.12.1 

We now investigate the relationship between rigid modules and NCCR for 3-CY“ alge¬ 
bras, in particular for those which are isolated singularities. The following will be useful. 

Lemma 8.14 Let M G ref A be a generator, T := EndA(M) and F := HomA(M, —) : 
ref A —refT a reflexive eguivalence (2.4(2)). Then we have a functorial monomorphism 
Ext^(F(A),F(Y)) C Exti(A, Y) for any A, Y G ref A. 

f 

Proof Since M is a generator, there exists an exact sequence 0 —Ai —Mq —A —0 
with a right (add M)-approximation /. Then 0 —F(Ai) —F(Mo) —F(A) —0 is an exact 
sequence in modT where F(Mo) is projective. We have the following exact commutative 
diagram: 

Homr(F(Mo),F(Y))—>Homr(F(Ai), F(Y))—^Ext^(F(A), F(Y))— >0 

HomA(Mo,Y) —> HomA(Ai,Y) —^ Exti(A,Y) 

Thus we have a monomorphism Extp(F(A), F(Y)) C Ext]Y(A, Y).l 

Theorem 8.15 Let A be a 3-CY~ algebra with a NCCR and N G ref A. Then 
(1)^(2)^(3) holds. If A is an isolated singularity, then (l)-(3) are eguivalent. 

(1) N is rigid. 
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(2) EndA(-/V) is an order. 

(3) N is a direct summand of some A-module giving a NCCR. 

Proof (2)-^(3) follows by 8.9(3). If A is an isolated singularity, then we can show 
(2)^(1) by taking localization and applying 8.6(3). 

(1)^(2) Assume that N is rigid. By 8.9(4), A has a generator M giving a NCCR. Put 
r := EndA(M) and let F ;= HomA(M, —) : ref A —refP be a reflexive equivalence. It 
follows from 8.14 that Extp(F(A^), F(A^)) = 0. Thus F(A^) is a reflexive rigid P-module. By 
8.9(2), EndA(A^) is an order.l 

We illustrate with the following example. 

Theorem 8.16 Let K be a field of characteristic zero, G a finite subgroup ofSLfiK), 
S := K[[x,y,z]] and g the number of irreducible representations ofG. 

(1) For any S'^-module M giving a NCCR, the number of non-isomorphic indecompos¬ 
able direct summands of M is exactly g. 

(2) Any reflexive rigid S'^-module N is a direct summand of an S'^-module giving a 
NCCR. Thus the number of non-isomorphic indecomposable direct summands of N is at 
most g. 

Proof S gives a NCCR S' * G of a 3-CY“-algebra S^, which has exactly g non¬ 
isomorphic indecomposable direct summands [14]. Thus (1) follows by 8.8(2). Now (2) 
follows by (1) and 8.15(l)^(3).l 

We say that a reflexive rigid A-module N maximal rigid if L G ref A and Ext\{N © 
L, N ® L) = 0 imply L is in add Y (c.f. [GLS]). 

Corollary 8.17 Let A be a 3-CY~ algebra which is an isolated singularity and has a 
NCCR. 

(1) M in ref A gives a NCCR if and only if it is maximal rigid. 

(2) Any reflexive eguivalence ref A —refT gives a one-one correspondence between 
rigid A-modules and rigid V-modules. 

Proof (1) This follows directly from the equivalence of 8.15(1) and (3). 

(2) By 8.15(1) and (2), rigidity depends only on the endomorphism ring.l 

We have the following generalization of 8.13 for arbitrary R. 

Theorem 8.18 Let A a 3-CY~ algebra which is an isolated singularity. 

(1) CM A-modules giving NCCR are exactly maximal 1-orthogonal A-modules. 

(2) A has a NCCR if and only if A has a maximal 1-orthogonal module. 

Proof By 8.12, we only have to show (1). 

(i) Assume that M G CM A is maximal 1-orthogonal. Put T := EndA(Af) and 
F := HomA(M, —). Take an exact sequence 0 — QM ^ P ^ M ^ 0 where P is 
projective. Applying IIomA(—,M), we have an exact sequence 0 —T —HomA(P, M) — 
HomA(fiM,M) ^ Exti(M,M) = 0. Since HomA(P,M) G CMR and HomA(fiM,M) G 
ref R, we have that T is an i?-order. 

Since any p G Maxi? satishes ht p = 3 by 3.2(1), we only have to show gl.dim T < 3. For 

f 

any X G mod T, take a projective resolution Qi ^ Qq ^ X ^ 0 where Qi is projective. 
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By Yoneda’s Lemma on addM, there exists g G HomA(Mi,Mo) such that Mi G addM 
and / = ^{g). Put Y := Keig and take an exact sequence 0 ^ Z ^ M 2 Y —0 with 

a right (addM)-approximation h. Then Z G CM A holds. Applying F, we have an exact 

sequence F(M2) F(Y) —ExtA(M, Z) —> ExtA(M, M2). Since ¥{h) is surjective and M 
is rigid, we have Ext\{M, Z) = 0. Thus Z G addM. Consequently, pdpY < 3 holds since 

we have a projective resolution 0 — ¥{Z) F(M2) Qi ^ Qq ^ X ^ 0. 

(ii) Assume that M G CM A gives a NCCR T := EndA(M). Put F := HomA(M, —). 
By 8.17(1), M is maximal rigid. Since A is 3-CY“ and M G CM A, we have that M © A 
and M © A* are rigid. In particular, we have A © A* G add M. 

Take X G CM A such that ExtA(X, M) = 0. Take a projective resolution Pi — 
Pq —> X* —> 0 of a A°P-module X*. Applying (—)*, we have an exact sequence 0 — 
X —Pq* —Pi* with P* G add A* C addM. Applying F, we have an exact sequence 
0 —F(X) —F(Pq*) —F(Pi*) with projective P-modules ¥{P*). Since gl.dimP = 3, we 
have pdrF(X) < 1. Thus we can take a projective resolution 0 —Qi —^ Qo —^ ®’(^) 0- 
By Yoneda’s Lemma on addM, there exists a complex 0 —Mi — Mq —X —0 with 
Mj G addM such that 0 —F(Mi) —F(Mo) —F(X) —0 is isomorphic to the above 
projective resolution. Since M is a generator, we have that 0 —Mi — Mq —X —0 is 
exact. Since ExtA(X, M) = 0 by our assumption, we have X G addM. 

Take Y G CM A such that Ext\(M, Y) = 0. Since M* G CMA°p gives a NCCR and 
ExtAop(Y*, M*) = 0, we have Y* G addM* and Y G addM. Consequently, M is maximal 
1 -orthogonal.l 

While a maximal 1-orthogonal module is maximal rigid, the converse does not hold in 
general even if it is CM. For example, the simple singularity A := K[[xi,X 2 , xq, x^]/{ xl"'~^^ + 
X 2 +XQ + xl) does not have non-projective rigid CM modules [Yo]. Thus A is a maximal 
rigid A-module, which is not maximal 1-orthogonal. It seems to be difficult to know when 
the converse holds. Now we show that some kind of converse holds for 3-CY“ algebras. 

Proposition 8.19 Let K he a 3-CY~ algebra which is an isolated singularity and has a 
NCCR. Then M G ref A is maximal rigid if and only if there exists a reflexive equivalence 
F : ref A —ref P such that F(M) is a maximal 1-orthogonal V-module. 

Proof Let M be maximal rigid. Then M gives a NCCR P := EndA(M) by 8.17(1). 
Then F := HomA(M, —) : ref A —refP is a reflexive equivalence. Since P is an order 
with gl.dimP = 3, we have CMP = addP by taking localization and applying 2.3. Thus 
F(M) = P is a maximal 1-orthogonal P-module. The other implication follows from 8.17(2) 
since a maximal 1-orthogonal module is maximal rigid.l 
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